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Abstract. In this paper, we classify compact simply connected cohomogeneity one man- 
ifolds up to equivariant diffeomorphism whose isotropy representation by the connected 
component of the principal isotropy subgroup has three or less irreducible summands. The 
manifold is either a bundle over a homogeneous space or an irreducible symmetric space. As 
a corollary such manifolds admit an invariant metric with non-negative sectional curvature. 

1. Introduction 

Manifolds with positive or non-negative sectional curvature have been of interest since the 
beginning of the global Riemannian geometry. Finding new examples of such manifolds is a 
particular difficult problem. There are few examples of positive curvature, mainly quotients 
of compact Lie groups. Recently two new examples were discovered using different methods. 
K. Grove, L. Verdiani and W. Ziller succeeded in putting positively curved metrics on a so 
called cohomogeneity one manifold |GVZ] . i.e., the manifold admits an isometric group action 
and the orbit space is one dimension. Their example belongs to a family of infinitely many 
cohomogeneity one manifolds for which there is no known obstruction to positively curved 
metric, see |GWZ] . O. Dearicott also proposed another construction for the same manifold, 
see |De] . Another new example with positive curvature was discovered by P. Petersen and 
F. Wilhelm |PW] on an exotic 7-sphere. 

The class of non-negatively curved manifolds is much larger, although methods to con- 
struct them are very limited. Well known examples are products and quotients of such 
manifolds, e.g., quotients of compact Lie groups. In [Ch] J. Cheeger used a gluing method 
to put non-negatively curved metrics on the connected sum of any two compact rank one 
symmetric spaces. Cheeger's gluing method was greatly generalized by K. Grove and W. 
Ziller in |GZ1] to cohomogeneity one manifold, where they proved that if the singular orbits 
are codimension two, the manifold admits an invariant metric with non-negative curvature. 
However not every cohomogeneity one manifold carries an invariant metric with non-negative 
sectional curvature. The first examples were discovered by K. Grove, L. Verdiani, B. Wilking 
and W. Ziller in |GVWZ] which were generalized to a larger class by the author, see jHe] . It 
is thus natural to ask how large the class of cohomogeneity one manifolds with an invariant 
metric of non- negative curvature is, see |Zil] . 

One possible approach is to study cohomogeneity one manifolds with further geometric or 
topological restrictions. C. Hoelscher classified simply-connected examples in dimension 7 
or less in |Ho] . Most of them carry non-negatively curved metrics except for some examples 
in dimension 7, for which the existence of such metrics is still open. L. Schwachhofer and 
K. Tapp studied cohomogeneity one manifolds which have a totally geodesic principal orbit. 
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They classified such manifolds under some further conditions, see [STa] . The examples in 
their classification were already known to have non-negatively curved metrics. 

Cohomogeneity one manifolds also arise as interesting examples in other areas. For in- 
stance, many new examples of Einstein and Einstein-Sasaki metrics(see, for example, |Boj . 
[Co] and |GHYj ). and metrics with special holonomy(see |CSj . |CGLPj and |Relj - [Re3] ) were 
found among cohomogeneity one manifolds. In the study of the Ricci flow, Ricci solitons 
play an important role in order to understand the singularities of the flow. Many interesting 
examples of Ricci solitons also admit cohomogeneity one actions, see [DWj . 

As far as the Riemannian metrics are concerned, one may first consider examples which are 
geometrically simple, i.e., the family of invariant metrics is small. Let M be a cohomogeneity 
one manifold, i.e., there exists a compact Lie group G acting on M by isometrics and the 
cohomogeneity of the action, defined as cohom(M, G) = dim(M/G), is equal to 1. If the 
manifold is compact and simply-connected, then the orbit space is a closed interval J. In this 
case, there are precisely two singular orbits B± with isotropy subgroups corresponding 
to the endpoints of /, and principal orbits corresponding to the interior points with isotropy 
subgroup H. Let l± denote the codimensions of B±. The manifold can be written as a 
union of two disk bundles as M = G x^- D'- Ug/h G X|^+ D'+, and thus it can be identified 
with the group diagram H C {K^} C G. Suppose c{t) is a minimal geodesic between the 
singular orbits and t is the arc length. Since the G-action is transitive on orbits and the 
metric is left invariant on them, we only have to consider the metric along c{t) and thus 
g = dt^ + gt, where gt is the metric at c(t). Let Mt = G.c{t) be a principal orbit. Since He, 
the identity component of H, fixes c{t), it induces the isotropy representation on the tangent 
space Tc(^t^Mt. In general this representation is not irreducible and let s denote the number 
of irreducible summands. From Schur's lemma, if the value of s is big, the family of invariant 
metrics is large. 

In this paper we classify compact simply-connected cohomogeneity one manifolds with 
s < 3. We say a G-manifold M is non-primitive if there is a G-equivariant map M — > G/L 
for some proper subgroup L C G. Otherwise the G-action is called primitive. Our main 
result is 

Theorem A. // a compact simply- connected Riemannian manifold M admits a primitive 
cohomogeneity one action with s < 3, then it is equivariantly diffeomorphic to a symmetric 
space with an isometric action. 

In fact only spheres, complex and quaternionic projective spaces, the Cayley plane, and 
Grassmannians SO(m -|- n)/(SO(m) x SO{n)){m,n > 2) appear in the classification. This 
easily implies 
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Corollary B. Every compact simply-connected cohomogeneity one manifold with s < 3 
admits an invariant metric with non-negative sectional curvature. 

In contrast to the above corollary, the Kervaire spheres carry cohomogeneity one actions 
with s = 4 and they do not admit any non-negatively curved invariant metrics, see |GVWZ] . 

If the cohomogeneity one manifold M is non-primitive, then it has a group diagram H C 
|K^,K^} C G such that there is a proper subgroup L C G that contains both K^. It 
follows that the G action has no fixed points. Furthermore, M is a fiber bundle over the 
homogeneous space G/L with fiber and the L action on is cohomogeneity one with 
diagram H C {K~, K^} C L. One particular class of non-primitive manifolds is the so called 
double for which K~ = K^. For a double we can let L = and then is a sphere with 
a linear cohomogeneity one action that has two fixed points. In general for a non-primitive 
action, we have 

Theorem C. If M is a compact simply- connected cohomogeneity one manifold that admits 
a non-primitive action by a compact Lie group G with s < 3, then 

(1) either M is a double; 

(2) or M is a fiber bundle over a strongly isotropy irreducible space G/L with fiber N . 

In case (2), if the action of L on N has no fixed points, then N is a sphere or a three 
dimensional lens space. Otherwise N is a projective space or the Cayley plane. 

In case (2), the space G/L is strongly isotropy irreducible which means that the isotropy 
representation by Lc is irreducible. Cohomogeneity one manifolds with a fixed point were 
classified in |Hoj (see also in |GSj ). where he showed that the manifolds are equivariantly 
diffeomorphic to projective spaces and the Cayley plane. In Theorem 13 . 2 1 and 13 . 3 1 we classify 
cohomogeneity one manifolds such that the action has no fixed point and s = 2. One can 
prove Theorem C directly by applying these two classifications. In this paper, we take a 
different approach since we also want the classification of such cohomogeneity one diagrams, 
i.e., a classification up to equivariant diffeomorphism. We first classify all non-primitive 
diagrams and then Theorem C easily follows. 

Notice that in Theorem A and C, we do not assume that H is connected. Notice also 
that s is the number of irreducible summands of the isotropy action by He. It is possible 
that there are other cohomogeneity one manifolds where the whole group H acts with only 
3 irreducible summands. 

A manifold M may have different cohomogeneity one actions, for example, there are many 
cohomogeneity one actions on spheres. One special case is that a proper normal subgroup 
Gi C G acts on the manifold with the same orbits. In this case, we call the G-action reducible. 
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Otherwise the action is called non-reducible. Let H be the principal isotropy subgroup of the 
G-action. Note that the G action being reducible is equivalent to the fact that H projects 
onto a simple factor of G. Let Hi = H fl Gi and then it is the principal isotropy subgroup of 
the Gi-action. Since Hi is a subgroup of H, the isotropy action of Hi on the tangent space of 
the principal orbit may have more irreducible summands, i.e., a bigger value of s. For this 
reason, we consider the classification of reducible actions as well. 

Theorem D. If a compact simply- connected manifold M admits a cohomogeneity one action 
by G with s < 3 and the action is reducible, then one of the following holds: 

(1) a normal subgroup of G acts on M non-reducibly and has the same value of s; 

(2) the action is n on- primitive; 

(3) the action is primitive and it is a linear action on a sphere. 

In Theorem 14. 1^ we obtained the classification of cohomogeneity one manifolds with s = 3 
in case (2) of Theorem D by using the classification results in Theorem A and C with s = 1, 2. 
The actions on spheres in case (3) of Theorem D are the so called sum actions, see definition 
in Section 2. 

One can also use our classification to study some cohomogeneity one manifolds with s = 4 
or higher. For example, the Kervaire sphere which does not admit an invariant metric with 
non-negative curvature has the group diagram 

Z2 X SO{n - 2) C {S0(2) X SO(n - 2), 0(n - 1)} C S0(2) x SO(n), 

where n = 1 mod 4. The diagram can be constructed from the following one which has 

s = 3 

Z2 X SO{n - 2) C {S0(2) X SO(n - 2), 0(n - 1)} C SO{n) 

by adding an S0(2) factor to SO(n) and embedding the S0(2) factor in S0(2) x S0(?2 — 2) 
diagonally into S0(2) x SO(ri). Similar constructions can be applied to certain examples 
in our classification and they give an interesting class of cohomogeneity one diagrams with 
s = 4. They will be discussed in a forthcoming paper. 

The paper is organized as follows. In Section 2, we recall some basic facts about cohomo- 
geneity one manifolds which will be used throughout the paper. In Section 3 we consider the 
classification when s = 1,2, see Theorem 13.21 and 13. 3[ In Section 4 we consider the classifi- 
cation when s = 3. The classification for reducible actions is stated in Theorem 14.11 and for 
the non-primitive ones in Theorem 14.21 The classification of primitive cohomogeneity one 
manifolds with G simple and s = 3 is carried in Section 5, see Theorem 15. Ij and when G is 
non-simple in Section 6, see Theorem 16.11 In Appendix |Al we correct the classification of 
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compact simply-connected homogeneous spaces G/H such that the isotropy action has two 
summands and G is a simple Lie group. This will be used in Section 5. In Appendix [Bl we 
collect the tables which contain our classification results. We will see that a cohomogeneity 
manifold with s < 3 either has a fixed point, or is a double, a sphere, or is contained in 
Tables [IH [El [13] and [13 

Acknowledgements: Part of the paper is in the author's Ph.D. thesis at University of 
Pennsylvania. The author wants to thank his advisor. Professor Wolfgang Ziller, for his 
constant supports and great patience, and to Professor Lorenz Schwachhofer and Professor 
Megan Kerr for valuable discussions. 



2. Preliminaries 

In this section, we recall some basic and well-known facts about cohomogeneity one man- 
ifolds. For more detail, we refer to, for example, |AA] and |GWZ] . 

As mentioned already, there are precisely two non-principal orbits B± in a simply con- 
nected cohomogeneity one manifold. Suppose M is endowed with an invariant metric g and 
the distance between the two non-principal orbits is L. The two ending points of the min- 
imal geodesic c(t) are specified as c(0) = p_ G B_ and c(L) = p+ G -B+. Thus the isotropy 
subgroups at p± are and the principal isotropy subgroup at any point c(t), t G (0, L), is 
H. We then draw the following group diagram for the manifold M: 



G 




K" K+ 
H 

The group diagram H C {K~, K'*'} C G is not uniquely determined by the manifold since one 
can switch K~ with K"^, change g to another invariant metric and choose another minimal 
geodesic c(t). 

We consider the family of invariant metrics on M. Since the union of principal orbits 
are open and dense in M, we only have to consider the metric restricted on it. For every 
t G (0,L), the principal orbit Mt is diffeomorphic to the homogeneous space G/H. Let q 
and f) are the Lie algebras of G and H respectively. Fix a bi-invariant inner product Q on g 
and let p be the orthogonal compliment of f) C 0. The space p is identified with the tangent 
space Tc{t)Mi via Killing vector fields. Since H fixed the point c(t), it induces the so called 



COHOMOGENEITY ONE MANIFOLDS 



7 



isotropy representation on p: 

Ad{h) : X — > h.X.h'^, for any h eH and X e p. 
We denote its differential by ad and it defines the isotropy representation of the Lie algebra 

adz ■ X — > [Z, X], for any Z G P) and X G p. 

For a cohomogeneity one manifold M, H may not be connected even if we assume that G 
is connected and M is simply-connected. Let Adn^ be the restriction the isotropy represen- 
tation to the identity component He- In most cases, it is reducible and the number of the 
irreducible summands is denoted by s. It is equivalent to say that the isotropy representation 
ad(j has s summands. The simplest case is s = 1, i.e., Adn^ is irreducible. From Schur's 
lemma gt is a scalar multiplication of the identity map on Tc{t)Mt and thus the metric g 
depends on one function. In the case where s = 3 the metric depends on three functions if 
the three summands are non-equivalent. 

For a cohomogeneity one manifold, a convenient way to describe the manifold and the 
action is to use the group diagram. However, a cohomogeneity one manifold may have 
different diagrams. 

Definition 2.1. Two group diagrams are called equivalent if they determine the same co- 
homogeneity one manifold up to equivariant diffeomorphism. 

The following lemma characterizes which two group diagrams are equivalent, see |GWZ] . 

Lemma 2.2. Two group diagrams He {K^, K^} C G and He j'^^j C G are equiv- 
alent if and only if after possibly switching the roles of K~ and , the following holds: 
There exist elements b e G and a G N{H)c, where N{H)c is the identity component of the 
normalizer of H, with K = bK^b^^, H= bHb~^, and K = abK^b^^a^^ . 

Remark 2.3. If c{t) is the minimal normal geodesic between the two singular orbits, then 
b.c{t) is another minimal geodesic between B± and the associated group diagram is obtained 
by conjugating all isotropy groups by the element b. We can assume that b G A^(H) fl A^(K^) 
in order to fix H and K^. Conjugation by an element a as in the above lemma usually 
corresponds to changing the invariant metric on the manifold. 

Let us describe a method using automorphisms of G to obtain new group diagrams from 
a given one M : H C {K~, K"*"} C G. Take two automorphisms t± of G and apply them to 
the triples H C C G. If t__(H) and r+(H) are equal, then we have the diagram t_(H) C 
{r_(K^), r+(K^)} C G and the manifold is G equivariantly diffeomorphic to defined by 
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the diagram H C |K^,r(K^)} C G where r = tI^ ■ r+ that leaves H invariant. If or 
K"*" is also invariant by r, then the manifolds M and are equivariantly diffeomorphic. 
So we assume that only H is invariant by the automorphism r, i.e., r is in the double coset 
space Aut(G, K~)\Aut(G, H)/Aut(G, K^) where Aut(G, L) is the group of automorphisms 
of G leaving the subgroup L invariant. Furthermore, if two automorphisms ti and T2 can 
be connected by a continuous path in Aut(G, H), then M,-^ and Mr^ are G equivariantly 
diffeomorphic. 

Definition 2.4. A group diagrams Fi : H C |k^,K^| C G is called a variation of the 

diagram F2 : H C {K",K+} C G if = r(K"), K+ = K+ for some r G Aut(G, H) after 
possible switching of K~ and K"*". 

Next we consider several special classes of cohomogeneity one actions which have been 
mentioned in the Introduction and we recall basic properties of them. 

Definition 2.5. A cohomogeneity one manifold (M, G) is called a double if it admits a group 
diagram such that K~ = K"*". 

One can put a non-negatively curved invariant metric on the disk bundle G x k D' making 
the boundary totally geodesic. If M is a double, then we can glue the two identical disk 
bundles along the totally geodesic boundary so that M has an invariant metric with non- 
negative sectional curvatures. 

Definition 2.6. A cohomogeneity one manifold (M, G) is n on- primitive if it admit a group 
diagram H C {K^} C G and there is a proper connected subgroup L C G such that C L. 
A cohomogeneity one manifold is called primitive if it is not non-primitive. 

If M has a non-primitive group diagram H C {K"*^} C G and C L C G, then we have 
the following fibration: 

N — ¥ M — ¥ G/L, 

and the fiber N carries a cohomogeneity one action by L with the diagram H C {K^} C L. 
Thus M is G equivariantly diffeomorphic to G Xl A^. So M has an invariant metric with 
non-negative sectional curvatures if admits such a metric. 

Definition 2.7. A cohomogeneity one action of G on M is reducible if there is a proper 
normal subgroup of G that still acts by cohomogeneity one with the same orbit. Otherwise 
the action is called nonreducible. 

In terms of group diagram, we have the following characterization of reducible actions, see 
[Ho] . Section 1.3. 
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Proposition 2.8. Let M be the cohomogeneity one manifold given by the group diagram 
H C {K , K^} C G and suppose G = Gi x G2 with Proj2(H) = G2. Then the sub-action of 
Gi X {1} on M is also by cohomogeneity one, with the same orbits, and with isotropy groups 
= K^n{GiX {1}) and Hi = Hn (d x {1}). 

On the other hand, suppose Gi acts on M via cohomogeneity one with the diagram Hi C 
{K^} C Gi, then one can extend this action to a possibly larger group by the so called normal 
extension, see |Ho] . Let L be a compact connected subgroup of A^(Hi) fl A^(K]") fl A^(K^) and 
define G2 = L/(L fl Hi). Then one can define an isometric action of Gi x G2 on M orbitwise 
by (^1, [l]).gi{Gi)x = fl'i5'i^~^(Gi)a; for (Gi)^ = Hi or Kf. This action is also cohomogeneity 
one and has the following diagram 

(Hi X 1) • AL c {(K^ X 1) ■ AL} c Gi x G2, 

where AL = {(/, [/])|/ G L} . If the diagram is non-primitive, then its normal extension is 
also non-primitive. Note that the reducible action by Gi x G2 in Proposition 12.81 occurs as a 
normal extension of the reduced one by Gi, see Proposition 1.18 in |Ho] . 

Remark 2.9. Suppose the diagram H c {K±} C Gi X G2 is reducible and the isotropy 
representation of He has 3 irreducible summands. If we consider the non-reducible action by 
Gi, then in general the isotropy representation by the connected component of Hi may have 
more irreducible summands since Hi is a subgroup of H. 

There is a particular class of cohomogeneity one actions on spheres, called sum action, 
which can be builded from transitive actions on spheres with lower dimensions, see |Ho] and 
|GWZj . Let Gj act transitively, linearly and isometrically on the sphere S'* with isotropy 
subgroup Hj, i = 1,2. Then the action of Gi x G2 on §'1+^2+^ c ]R^i+'2+2 jg cohomogeneity 
one and the isotropy subgroups are Gi x H2, Hi x G2 and Hi x H2, i.e., the cohomogeneity 
diagram is 

(2.1) Hi X H2 C {Gi X H2, Hi X G2} C Gi X G2. 

Suppose the isotropy representation of Gj/Hj has Si irreducible summands(i = 1,2), then 
the sum action of the diagram (12. ip has s = si + S2- 

Not every group diagram defines a simply-connected cohomogeneity one manifold. The 
necessary conditions are given in |GWZj . 

Lemma 2.10. Suppose a connected Lie group G acts on a simply- connected manifold M by 
cohomogeneity one and the diagram is H C {K^} C G. Then we have 
(1) There are no exceptional orbits, i.e., l± > 2. 
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(2) // both l± > 3, then and H are all connected. 

(3) // one of l±, say Z_ — 2, and Z+ > 3, then K~ — H ■ — ■ , H = ■ 1,^ and 
K-^ = Kt-Zk. 

In the last case where Z_ = 2, we have that K~ is connected, C Nq{K'^)/K^ and 
normahzes He- It follows that if K~ is contained in K^, then one cannot add connected 
components to the isotropy groups. Note that the diagram of the connected groups He C 
{K~, K^} C G in this case also defines a simply-connected cohomogeneity one manifold. 

We use representation theory of compact Lie groups to study the isotropy representation. 
In the following we introduce the notations that we will use through the paper. 

The exceptional Lie groups are denoted by Eg, Ey, Eg, F4, 02 and their Lie algebras by 
eg, tj, Cg, f4 and The complex irreducible representations of simple Lie algebras are 
highest weight representations, so we can identify the representation with its highest weight. 
Each highest weight is the linear combination of the so called fundamental weights with non- 
negative integer coefficients. If the Lie algebra g has rank n, then there are n fundamental 
weights TTi, ■ ■ ■ , Tin- We also use the notions Qn, iJ^n and Un for the standard representations of 
SO(n), SU(n)(or U(n)) and Sp(n) on M'*, C" and H" respectively. A„ stands for the unique 
spin representation of SO(n) if n is odd, and stands for the two spin representations 
of SO(n) if n is even. The fundamental weights of exceptional Lie algebras are specified as 
follows: 



2 2 2 




13456 134567 1345678 

1 2 3 4 1 2 



We denote the standard representation of U(l) on C by 0. For the Lie algebras 50 (4) and 
50(6), we specify some representations and their highest weights. For so (4), the representa- 
tions with highest weights tti = |(ei— 62) and 7r2 = ^{^1+62) are the two spin representations. 
The standard representation ^4 of S0(4) on has the highest weight tti -|- 7r2 = ei. For 
50(6), the representation with highest weight tti = Ci is the standard representation qq of 
SO (6) on C^. However the representation of 5u(4) with the highest weight tti is the standard 
representation /X4 of SU(4) on though 50(6) is isomorphic to 5u(4). 

Some homogeneous spaces with special geometrical properties are used in the classification. 
Definition 2.11. A pair of Lie group (K, H) is called a spherical pair if K/H is a sphere. 
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In this case, we also call the Lie algebras (g, fi) a spherical pair. 

The transitive actions on spheres were classified, see, for example, [Be]. The results are 
used frequently later on and we list them in Table [H Here s is the number of the irreducible 
summands in the isotropy representation. 



n 


K 


H 


Isotropy representation 


s 


n 


SO(n + 1) 


SO(n) 


Qn 


1 


2n + l 


SU(n + 1) 


SU(n) 




2 


2n + 1 


U(n + 1) 


U(n) 




2 


An + 3 


Sp(r2 + 1) 


Sp{n) 


© Id © Id e Id 


4 


4n + 3 


Sp(n + l)Sp(l) 


Sp(n)ASp(l) 


Z^n © Z^l © Id © ^3 


2 


4n + 3 


Sp(n + l)U(l) 


Sp(n)AU(l) 


l^n © 0]r © [Id © 0]r © Id 


3 


15 


Spin(9) 


Spin(7) 


P7 © Ay 


2 


7 


Spin(7) 






1 


6 


02 


SU(3) 




1 



Table 1. Transitive actions on 



Definition 2.12. A homogeneous space G/H is called isotropy irreducible if the isotropy 
representation of H is irreducible. If the isotropy representation by the identity component 
He of H is also irreducible, then it is called strongly isotropy irreducible. 

Every irreducible symmetric space is strongly isotropy irreducible. J. Wolf classified com- 
pact strongly isotropy irreducible spaces which are not symmetric spaces, see |Wolj . Com- 
pact homogeneous spaces which are isotropy irreducible but not strongly isotropy irreducible 
were classified by M. Wang and W. Ziller, see |WZ2] . If the space G/H is strongly isotropy 
irreducible, then the isotropy representation adf, is also irreducible. In this case, we call the 
pair of Lie algebras (g, fi) strongly isotropy irreducible. 

3. Classification of cohomogeneity one manifolds with s = 1,2 

In this section, we classify simply-connected cohomogeneity one manifolds with s = 1,2. 
The results are also used in the classification of the case where s = 3. 

3.1. Fixed point actions. If s = 1, then the cohomogeneity one action has two fixed 
points, i.e., G = = and the manifold is a sphere. By the classification of transitive 
actions of the sphere, the cohomogeneity one manifolds are listed in Table [2] 
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M 


G = 


H 




gn+l 


SO(n + 1) 


SO{n) 


n>l 




©2 


SU(3) 




§8 


Spin(7) 


02 





Table 2. Coliomogeneity one manifolds with s = 1. 

Next we quote the result when there is only one fixed point, say = G and C G is a 
proper subgroup, see jHo] and |GS] . 

Proposition 3.1. If a simply- connected manifold M admits a cohomogeneity one action 
with exactly one fixed points, then M is a ( complex or quaternion ) projective space or the 
Cayley plane with an isometric action. They are classified in Tahle\^ 



M 


Group diagram 


s 


CP" 


SU(n) D {SUH, S{\}{n - l)U(l))} D SU(n - 1) 


2 


CP" 


U(n) D {U(n), U(n - l)U(l)} D U(n - 1) 


2 


OP2 


Spin(9) D {Spin(9), Spin(8)} D Spin(7) 


2 


HP" 


SpH X Sp(l) D {SpH X Sp(l), Sp(n - l)Sp(l) X Sp(l)} D Sp(n - l)ASp(l) 


2 


HP" 


SpH X U(l) D {SpH X U(l), Sp(n - l)Sp(l) X U(l)} D Sp(n - l)AU(l) 


3 


^p2n+l 


Sp(n) X U(l) D {Sp(n) X U(l), Sp(n - l)U(l) x U(l)} D Sp(n - l)AU(l) 


3 


HP" 


Sp(r2) D {Sp(r2), Sp(r2 - l)Sp(l)} D Sp(n - 1) 


4 


(j-p2n+l 


Sp(n) D {SpH, Sp(n - l)U(l)} D Sp(n - 1) 


4 



Table 3. The cohomogeneity one action with one fixed point 



3.2. Classification with s = 2. We assume that the action has no fixed points. If the action 
is primitive, then the manifold is a sphere, see Theorem 13.21 If the action is non-primitive, 
then the manifold is a double, i.e., K"*^ = K, and we classified the triples H C K C G, see 
Theorem 13.31 

Theorem 3.2. Suppose M is a compact simply- connected manifold that admits a primitive 
cohomogeneity one action with s = 2 and no fixed points. Then one of the followings holds. 

(1) The manifold is S^^ with the diagram (&2 C {Sp/n^(7), Sp/n^(7)} C Spin{8) and the 
embedding Sp/n(8) C 50(16) is given by the representation Ag © Ag . 
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(2) The manifold is a sphere with a sum action. 

Proof. From the assumption s — 2, the space p of the representation AcIh^ sphts into two 
subspaces which are denoted by pi and p2, and the representation of Adh^ on each of them 
is irreducible. 

First we assume that the two summands pi and p2 are equivalent representations of He- 
Let K = K~ and we consider the group triple H C K C G. Since the sphere K/H is isotropy 
irreducible, its effective version is one of the pairs SO(n + 1)/S0(n)(n > 2), Spin(7)/02, 



U(l), 02/SU(3), Sp(l)/U(l), Sp(2)/(Sp(l)xSp(l)), SU(2) x SU(2)/ASU(2) and SU(4)/Sp(2). 



Suppose K/H = (SO(n+l)-L)/(SO(n)-L) for some L, then the two representations are Qn^ld. 
In particular they have dimension n. However SO(n + 1) has no irreducible representation 



with dimension nifn>2. Similarly K/H cannot be 02/SU(3), Sp(l)/U(l), Sp(2)/(Sp(l) x 
Sp(l)) and SU(4)/Sp(2). The possible triples are 



There are two different Spin(7), denoted by Spin^(7) and Spin^(7), in 50(8) that contains 
&2 and they differ by an automorphism of S0(8). So there is one primitive diagram from 
this triple: 



and the manifold is S^^. For the second triple {1} C U(l) C U(l) x U(l), one may choose 
different embedding of U(l) C U(l) x U(l) for K^ such that the diagram is primitive. However 
all are sum actions on 

Next we assume that pi and p2 are non-equivalent representations. From the assumption 



the action ad[, on the spaces pi and p2 are irreducible, W.L.O.G., we may assume that 
= [3 © p^ and t+ = f) © p2. We denote Q{X, Y) by (X, Y) for X,Y e g. Then for any 
Xi, Yi e pi, X2, Y2 e p2 and Yq e f), since [X2, Fq] e t+ = f) © p2, [Y^, Xi] e r = () © pi and 
[X2, Y2]et+ = i)® p2, we have 



Therefore [Xi, X2] is orthogonal to any vector in q, i.e., [pi, P2] = 0. We define the following 
subspaces of g. Let 



62 C Spin(7) C 50(8), {1} C U(l) C U(l) x U(l). 



02 C {5pin+(7),5pin 



(7)} C5pin(8) 



{[X,,X2],Yo) 
{[X,,X2],Y,) 

{[X,,X2],Y2) 



(Xi,[X2,yo]) = o, 

{Y,,[X,,X2]) ^ m,X,],X2) ^0, 
(Xi,[X2,F2]) = 0. 



f)o = Ann(pi © P2) n [) = {X e F] = for any F G pi © P2} , 
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and 

f)i = Ann(Pi) n n [), (i = l,2), h = i^o ® h ® h)^ r\ i), 

where ± is the orthogonal complement with respect to the inner product Q. 
Since [pi, pi] c fi" = () © pi, [pi, i)] C pi and 

[[Pl,pl],p2] = -[[Pl,p2],pl] - [[p2,Pl],Pl] = 0, 

we have [pi, pi] C pi © F)o ® i)2- Moreover since 

(iPi, Pi], ^o) = (Pi, [Pi, i)o]) = (Pi, 0) = 0, 

we have [pi, pi] C pi © i)2- Denote the Lie algebra generated by pi by Lie(pi), then Lie(pi) C 
pi © \j2- If there is a vector X G pi © {)2 such that X ± Lie(pi), then X G f}2 and thus 
[X, pi] C pi. For any vector Y G pi, we have ([X, pi],F) = (X, [pi, F]) = which implies 
that X G Ann(pi) H i)2 = 0. Hence we have Lie(pi) = pi © 1)2- Similarly we also have 
Lic(p2) =p2©f)i. 

Wc claim that [)3 = 0. In fact, first we have ([[)3, pi], pi) = ({)3, [pi, pi]) = since [pi, pi] C 
pi © f)2- Since 1)3 C f), [f)3,pi] C pi and thus [f)3,pi] = which implies that f)3 C Ann(pi) = 
f)o © f)i. So we have 1)3 = by its definition. 

By the Jacobi identity, we have 

= [[f)0,f)],Pl©p2] + [[l),Pl©p2],l)0] + [[pl©p2,l)0],l)] 
= [[l)0,l)],Pl©p2] + [[{),Pl©p2],f)0]- 

Since [[),pi ©P2] C pi ©p2 and then [[f),pi ©P2], {)o] = 0, we have [[f)o, f)],pi ©P2] = which 
implies that [[)o, ()] C ()o, i.e., [)o is an ideal of [). Similarly, we have that [t)i, [)] C Ann(pi)nf). 
Furthermore ([f)i, [)], [)o) = (t)i, [t), t)o]) = since [)o is an ideal of f). It follows that [[)i, [)] C t)i, 
i.e., f)i is also an ideal of [). Similarly 1)2 is an ideal of t). Since g = t) © pi © p2 and f)o 
annihilates pi © p2, f)o is an ideal of q. By the assumption that the G action is almost 
effective, we have f)o = 0. So we have 

= f)i©{)2©Piffip2, and r = f)iffi()2©pi, t+ = ()i © f)2 © p2- 

We claim that Lie(pi) = f)2 © pi is an ideal in g. In fact, [i)2 © pi, = [f)2, f)i] = and 
[^2 © Pi,p2] = imply that [Lie(pi),0] C Lie(pi). Similarly Lie(p2) is also an ideal in g. 
Therefore 

G = L2 X Li, K- = Hi X Li, K+ = L2 X H2, and H = Hi x H2, 

where f)i is the Lie algebra of H,, Lie(pi) is the Lie algebra of U for i = 1,2 and L1/H2, L2/H1 
are spheres. Hence the G-action is a sum action and the manifold M is G-equivariant to a 
sphere. □ 
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Theorem 3.3. Suppose M is a compact simply- connected manifold that admits a cohomo- 
geneity one action with s = 2 and no fixed points. If the action is non-primitive, then the 
manifold is a double and the triples H G K G G with H connected are classified in Table\^ 

Proof. The manifold M has the diagram as H c {K^ = K} C G where K is a proper subgroup 
of G and K/H is a sphere. 

First we classify the triples G D K D H such that G is simple, H is connected, K/H is a 
sphere and the isotropy representation Adn of G/H has two irreducible summands. It follows 
that (G, K) and (K, H) are strongly isotropy irreducible and the isotropy representation of 
G/K remains irreducible when restricted to H. From the classification of transitive actions 
on spheres, the effective version of K/H is one of Spin(7)/(S2, ^2/Sl}{3) and S0(n-|-1)/S0(n) 
with n > 1. Using the classification of compact irreducible symmetric spaces and J. Wolf's 
classification, G D K D H is one in the first part of Table HI The last column contains 
further conditions. If a homogeneous space appears in this column, it means that the space 
is strongly isotropy irreducible, for example, "Gi/Hi,G2/H2 = S*^" means that both spaces 
are strongly isotropy irreducible and the second one is also a sphere. 

The cohomogeneity one manifold defined by the diagram Hc{K''^ = K}cGisa sphere 
bundle over the homogeneous spaces G/K which is an irreducible symmetric space except 
for Sp(16)/Spin(12). If K/H is a circle, then one can add components to H. Then for each 
positive integer n, we have the cohomogeneity one diagram 

H • Z„ C {K^ = K} C G. 

If G is not simple, then there are two constructions of such triples of connected groups 
H C K C G, see the last two examples in Table |H In the first case, G = Gi x G2, K = Hi x G2 
and H = Hi X H2 where Gi/Hi is a strongly isotropy irreducible space and G2/H2 is one of 
Spin(7)/02, ^2/SU(3) and SO(r;, + 1)/S0(n)(ra > 1). The cohomogeneity one manifold is 
the product of a sphere with the homogeneous space Gi/Hi. In the second and last cases, 
G = Ho X Gi, K = Ho X Ho X Hi and H = AHo x Hi where Ho is either U(l) or SU(2) 
and Gi/Ho x Hi is a strongly isotropy irreducible space. The diagram is reducible and its 
nonreducible version is Hi C {Ho x Hi, Hq x Hi} C Gi. If Ho is U(l), then one can add 
components to H. Then for each positive integer n, we have the diagram 

(Z„, • AU(1)) X Hi c {K^ = U(l) X U(l) X Hi} c U(l) x Gi. 

Its non-reducible version is Z„ • Hi C {K^ = U(l) X Hi} C Gi. The manifolds defined by 
these diagrams are sphere(S^ or S^) bundles over Gi/(Ho x Hi). □ 
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G 


K 


H 




S0(8) 


Spin(7) 


(52 




Spin(9) 


Spin(8) 


Spin(7) 




Spin(9) 


Spin(7) ■ S0(2) 


02 X S0(2) 




S0(2n) 


U(n) 


SUH 


> 2, n 7^ 4 


SU(5) 


U(4) 


U(l)-Sp(2) 




SU(p + g) 


5(U(p) X U(g)) 


SU(p) X SU(g) 


p,q > l,pq > 2 


Sp(16) 


Spin(12) 


Spin(ll) 




Sp(ra) 


U(n) 


SUH 


n>3 


Sp(n + 1) 


Sp{n) X Sp(l) 


Sp{n) X U(l) 


n>l 


Ee 


Spin(lO) X S0(2) 


Spin(lO) 




Ee 


SU(6) X SU(2) 


SU(6) X U(l) 




E7 


Eg X S0(2) 


Ee 




E7 


Spin(12) X Sp(l) 


Spin(12) X U(l) 




E7 


Spin(12) X Sp(l) 


Spin(ll) X Sp(l) 




Eg 


Spin(16) 


Spin(15) 




Eg 


Sp(l) X Ey 


U(l) X Er 




F4 


Sp(3) X Sp(l) 


Sp(3) X U(l) 




Gi X G2 


Hi X G2 


Hi X H2 


Gi/Hi, G2/H2 = §'^ 


U(l) X Gi 


U(l) X U(l) X Hi 


AU(1) X Hi 


Gi/(U(l)Hi) 


SU(2) X Gi 


SU(2) X SU(2) X Hi 


ASU(2) X Hi 


Gi/(SU(2)Hi) 



Table 4. Group triple G D K D H such that H is connected, AcIg/h has 2 



irreducible summands and K/H is a sphere. 



Remark 3.4. There are two examples in low dimensions. One example has the diagram 

Z„ ■ SU(2) c {K^ = U(2)} c SU(3) 
and the manifold is 6 dimension, see example Np in |Ho] . The other one has the diagram 

Sp(l)U(l)c{K± = Sp(l)Sp(l)}cSp(2) 
and the manifold is 7 dimension, see example N] in |Ho] . 
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4. Special types of cohomogeneity one actions with s = 3 

From this section on we consider the classification when s = 3. In this section, we look at 
some special types of cohomogeneity one actions, i.e., reducible and non-primitive actions. 
The action of G is assumed to be effective or almost effective, i.e., the ineffective kernel is 
finite. 

4.1. Reducible actions. The main result is 

Theorem 4.1. // a simply- connected cohomogeneity one manifold M admits a reducible 
action without fixed points and s = 3, then one of the followings holds: 

(1) it admits a non-reducible action with s = 3; 

(2) the action is primitive and is a sum action on a sphere; 

(3) it is a double, i.e., KT = ; 

(4) the action is non-primitive with different and the manifold is a sphere, CP^, HP" 
or a three dimensional lens space bundle over a homogeneous space. 

The cohomogeneity one manifolds in case (3) and (4) are classified in TableUM andlTR 

Proof. We prove the theorem in two steps. In step I, we classify cohomogeneity one dia- 
grams with connected isotropy subgroups. In step II, we consider the possible ways to get 
new diagrams from those obtained in Step I, i.e., variations by automorphisms and adding 
connected components to isotropy groups. Here we only consider the inner automorphism, 
i.e., conjugation by a group element. 

Step I. Suppose = 0i © 02 and we may assume that Proj2(()) = 02 and that the 
projection from f) to any primitive factor of 0i is not surjective. 

Let f)j = 0j n f) for i = 1, 2. If f) = f)i © [)2, then from the reducibility assumption, we have 
that f)2 = 02 and f)i is a proper subalgebra of 0i. In this case, the non-reducible action by 
Gi also has s = 3. 

Next we assume that there exists a nonzero subspace f)o C fi such that the images under 
the two projections Projj are nonzero, i.e., f) = f)i © Af)o © i)2 and Projj(f)) = f)i © fio for 
i = 1,2. From the reducibility assumption, we have 02 = f)o © f)2- Since the action of G 
is effective, we have f)2 = 0. There is an intermediate subalgebra fli © f)o © f)o between 
[) = f)i © Af)o and = 0i © f)o and the principal isotropy representation is 

X = (adg,/((„ef,o)) ® (Wf,i © ad(,J. 
It follows that f)o has at most 2 primitive factors. 

Case I. If f)o has 2 primitive factors as f)o = f)o ® ^)o) then the pair (0i,[)i © [)o) is 
strongly isotropy irreducible and thus 0i is a simple Lie algebra or so (4). If 0i = so (4), then 
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f)i © f)o = so(2) © 5o(2) and the dimension of the manifold is smaller or equal to 7. So we 
assume that gi is simple. The three irreducible summands are 

Xi = adg,/(f„ef,o)5 X2 = Idf,i ® ad,,^^ ® Id,,^/, xs = Idf,i ® Id,,^^ ® ad,,^/, 

and their corresponding representation spaces are denoted by pi, p2 and p3. 

We claim that any two of the three representations are non-equivalent. In fact, if X2 = Xs; 
then f)Q = f)Q = u(l). From the classification of strongly isotropy irreducible spaces, such 
pair (01, l)i © f)o) with gi simple does not exist. If xi is equivalent to one of X2 or xs, say X2, 
then the isotropy representation of the pair (gi, f)i © f)o) is given by C = Id(,i © ad(,^ © Id(,j|. 
It is clear that i)Q 7^ u(l), and furthermore there is no strongly isotropy irreducible pair with 
isotropy representation as (. 

We consider the intermediate subalgebra t. If it contains the subspace pi, then it is one 

of 

(1) fi © pi, and then [pi, pi] C f)i © pi, i.e., I = [)i © pi is a Lie algebra; 

(2) {)i © % © f)[, © Afi'o' © pi, and [pi, Pi] C fii © [)[, © pi; 

(3) i)i © A% © f)^' © f)^' © pi, and [pi, Pi] C [)i © i)'^ © pi. 

In all above cases, (gi, f)i © [)o) is not a symmetric pair. 

In Case (1), let Gi, H' and L be the corresponding Lie groups of gi, f)i © t)o and I, and 
then the subgroup L acts transitively on the homogeneous space Gi/H'. A. L. Onishchik 
classified all triples (Li, L2, L3) such that Li is simple, and L2 is a subgroup of Li and acts 
transitively on the homogeneous space L1/L3, see |G0] . p. 143 Theorem 4.5, or §2 in |DZ] . 
This classification is also used in [KS] and the following Table [5] is part of Table 3 in the 
appendix of their paper where L1/L3 is not a symmetric space. 

From the classification, (S0(4n), S0(4n — 1), Sp(l)Sp(n))(n > 2) is the only triple such 
that L1/L3 is strongly isotropy irreducible and L3 has at least two primitive factors. If 
gi = so(4n) and i)o = sp{l) © sp(n), then P)i = and I = pi would be so{4n — 1) which 
would imply that 4n — 1 = 3 + dimsp(n) and it gives us a contradiction. 

In Case (2), f)i © fig © pi is a subalgebra of gi. From a similar argument as in the 
previous case, we have that gi = so{4:n){n > 2), f)o = 5p(l) ©5p(r;,), [)i = and dimpi = 
dimso(4n) — dimsp(l) — dimsp(n) = — 3n — 3. However it is not equal to either 
dimso(4n — 1) — dimsp(l) = — 6n — 2 or dimso(4r?, — 1) — dimsp(r2) = Qn"^ — 7n + l for 
n > 2. So t is not in this case. A similar argument also show that i is not in Case (3). 

Now we assume that t does not contain the subspace pi, then it is one of 

(1) ()i©()o©t)o; 

(2) [)i©f)[,©%©A[)'o'; 
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Li 


Lo 




Lo n 












J W I t:/ V J. J 






S0(4n) 


S0(4n - 1) 


Sp(n)Sp(l) 


Sp(n-l)Sp(l) 


S0(2n) 


S0(2n - 1) 


SU(n) 


SU(n-l) 


S0(l(3) 


S0(15) 


Spin(9) 


Spin(7) 


S0(8) 


Spin(7) 


S0(6) 


SU(3) 


S0(8) 


Spin(7) 


S0(5) 


SU(2) 


S0(8) 


Spin(7) 


SO(2)SO(5) 


SO(2)SU(2) 


S0(7) 


62 


S0(5) 


SU(2) 



Table 5. Onishchik's triples (Li, L2, L3) with Li simple and L1/L3 non-symmetric 

(3) 1)1 © Al)'o © © l)'^. 

In Case (1), (fi, [)) is not a spherical pair. If both are in Case (2), then f)o is either u(l) or 
5u(2) and the diagram is not primitive. This gives us example R.l(m = 1) and R.2. 

If both are in Case (3), then we have a similar result. If l" is in Case (2) and is 
in Case (3), then 1)'^ and i)^ are u(l) or 5u(2). Prom the classification of strongly isotropy 
irreducible spaces, both f)Q and f)Q cannot be u(l). If both f)o and f)Q are 5u(2), though the 
embeddings of C are different, the manifold is equivariant diffeomorphic to the one in 
the previous example. If f)o = u(l) © su(2), then we have example R.14(m = 1). 

Case II. If f)o is primitive, then the isotropy representation of the pair (gi, f)i © f)o) has 2 
irreducible summands xi, X2 and their representation spaces are denoted by pi and p2- The 
representation space of X3 — Wf,^ <S> adf,,, is denoted by p3. Prom the assumption that the 
projection from f) to any primitive factor of gi is not surjective, 0i has at most two primitive 

factors. 

Case II. A. Wc first consider the case when gi has two factors q[ and g'/, and then we 
may assume that g'^ = l)[ © pi and g'/ = [)'/ © f)o © p2 where [)i = i)[ © [)'/. The only 
possible pair of equivalent summands arc Xi ^-nd Xs- If wc are in this case, then i)i = 0, 
q'i = u(l), [)o = u(l) and g'/ = su(2). Thus the manifold is 5 dimensional. Now wc assume 
that Xi's are pairwisely non-equivalent, t) © p2 and () © pi © p2 are not subalgcbras of g 
otherwise p2 would be a subalgebra of g'/. Purthermore the intermediate subalgebra cannot 
be f) © p3 © pi = q[ © f)'/ © [)o © f)o since {q[ © [)'/ © [)o © f)o, f)i © f)i © A[)o) is not a spherical 
pair. So the intermediate subalgebra I is one of the foUowings: 

(1) f) © p3 © p2 = f)'i © g'/ © f)o, and then © g'/ © f}o, f)i © A[)o) is a spherical pair; 



20 



CHENXU HE 



(2) t) © p3 = t)i © P)o © t)o, and then f)o is either u(l) or 5u(2); 

(3) {) © pi = 01 © f)'/ ffi Af)o, and then f)^) is a strongly isotropy irreducible spherical 
pair. 

In Case (1) the spherical is (u(n+l), u(n)) with f)o = u(l) or (5p(n+l)©5p(l),5p(n)©A5p(l)) 
with [)o = sp(l). For the first pair, since the sub-action by Gi x SU(n + l) C Gi x U(n + 1) 
also has s = 3 if n > 2, we only consider the pair (U(2), U(l)). If both t"^ are in Case (2), 
then we have example R.3 and R.4. 

In Case (2), if f)o = u(l), then G']'/H'/U(l) is strongly isotropy irreducible. If ()o = 5u(2), 
then G']'/H'/SU(2) is strongly isotropy irreducible. If both are in this case, then we have 
example R.5(m = 1) and R.6. 

If both are in Case (3), then we have example R.7 and R.8. The special case where 
(Gi, Hi) = (U(1),{1}) and Hq = U(l) will be discussed in Step II and it gives us example 
R.ll, R.12, R.22 and R.23. 

If are in Case (1) and (3), then the diagram is the sum action on a sphere. For other 
cases, we have example R.15(m = 1), R.16, R.17(m = 1) and R.18. 

Case II. B. Next we consider the case when Qi is primitive. We claim that any two of 
Xj's are not equivalent. If not, then we have two different cases. First if Xi is equivalent to 
X2, then {qi, [)i © [)o) is either {so{8),%) or (5o(7), u(3)). In the first case, g = so(8) © % 
and [) = A^2- However there is no intermediate subalgcbra i such that (t, ()) is a spherical 
pair. In the second case, g = so{7) ©5u(3), f) = u(l) © Asu(3) and there is no intermediate 
Lie algebra t such that {i, [)) is a spherical pair. Secondly if xs is equivalent to one of Xi and 
X2, say X2, then [ = [)i © fio © flo is an intermediate algebra between Qi and [}i © [)o. The 
Lie algebra [)o embeds diagonally into t, {qi, I) is a strongly isotropy irreducible pair and the 
isotropy representation adg^/[ remains irreducible when restricted to f)i © {)o- However there 
is no such pair {qi, I) that satisfies these properties. 

Now we know that the pj's are pairwisely non-equivalent. There are 6 different possibilities 
for the intermediate subalgebra t: 

(H.B.I) [)i ©A[)o ©pi ©p2; (H.B.2) f)i © [)o ©pi © {)o; (H.B.3) [)i © {)o © p2 © f)o; 
(ILB.4) [)i © A[)o © pi; (H.B.5) i)i © Af)o © P2; (H.B.6) f)i © {)o © l)o- 

If t is in Case (II.B.l), then [ = l)i © pi © p2 is a subalgebra of Qi and then gi = [ © [)o is 
not primitive. 

If i is in Case (II. B. 2), then let I = [)i©[)o©Pi which is a Lie subalgebra of Qi and (gi, I) is a 
strongly isotropy irreducible pair. If i is primitive, then it is either 5u(n + 1) or sp(n+ l)(n > 
1) since (€ = I © l)o, = [)i © A[)o) is a spherical pair for which ad^/;, has two irreducible 
summands. If I = su{n + 1), then f)i = su{n) and [)o = u(l). Moreover (gi,su(n + 1)) 
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is strongly isotropy irreducible and its isotropy representation remains irreducible when 
restricted to u(n). It follows that it is one of 

u(3) c 5o(6) c so(7), u(7) c su(8) c ey. 

However for each triple above, adg^/f,^ also has 3 irreducible summands, i.e., the non-reducible 
action by Gi also has s = 3. If I = sp{n + 1), then l)i = 5p(n), [)o = 5p(l) and the isotropy 
representation of (gi, sp(n-l-l)) remains irreducible when restricted to sp(n)©5p(l). However 
such 01 does not exist. 

If [ is not primitive, then the effective version of the spherical pair ((®f)o,l)i®Af)o) is 
either (sp(n + l),sp(n) ® Asp(l)) with l)o =5p(l) or (u(n + 1), u(n)) with l)o = u(l). In the 
first case, we have that [ = 5p(n + 1) © lo for some nonzero Lie algebra [q and the isotropy 
representation of (gi, 5p(n + 1) © lo) remains irreducible when restricted to sp{n) 0sp(l) © [q. 
However such gi does not exist. 

In the second case, we have that i = su(n + 1) © [q for some nonzero Lie algebra Iq and the 
isotropy representation of (gi,su(n + 1) © Iq) remains irreducible when restricted to u(n) © [q- 
It follows that u(n) © [q C su(n + 1) © Iq C gi is one of the following triples: 

u(l) © sp(n) C sp(l) © sp(n) C 5p(n + 1), u(2) C so(4) C %, 

u(l) © sp(3) C sp(l) © sp(3) C U, u(l) © su(6) C su(2) © su(6) C eg, 

u(5) © su(2) c su(6) © su(2) c ee, u(l) © so(12) c 5p(l) © 5o(12) c ey, 
u(l) © e7 C 5u(2) © e7 C eg, 

and the corresponding triples [)i © A[)o C £ C gi © ()o are 

(1) sp(n) © Au(l) C 5p{n) © sp(l) © u(l) C sp{n + 1) © u(l), 

(2) u(2) c su(2) © su(2) © u(l) u(l), 

(3) sp(3) © Au(l) C sp(3) © sp(l) © u(l) C f4 © u(l), 

(4) su(6) © Au(l) C su(6) © su(2) © u(l) C Cg © u(l), 

(5) su(2) © u(5) C 5u(2) © su(6) © u(l) C ee © u(l), 

(6) so(12) © Au(l) C so(12) © sp(l) © u(l) C er © u(l), 

(7) © Au(l) C e7 © su(2) © u(l) C eg © u(l). 

In Case (2) above, there is no corresponding group triple. The non-reducible version of the 
triple in Case (5) is su(2) © su(5) C su(2) © su(6) C ee and its isotropy representation also 
has 3 irreducible summands. The group triples H C K C G of the remaining cases are 

(1) Sp(n)AU(l) C Sp{n) X Sp(l) x U(l) C Sp(n + 1) x U(l) with n > 1; 

(2) Sp(3)AU(l) C Sp(3) X Sp(l) X U(l) C F4 x U(l); 

(3) SU(6)AU(1) C SU(6) X SU(2) x U(l) C Eg x U(l); 

(4) Spin(12)AU(l) C Spin(12) x SU(2) x U(l) C Ey x U(l); 
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(5) E7AU(1) C E7 X SU(2) X U(l) C Eg x U(l). 
The discussion in Case (II. B. 3) is similar to Case (II. B. 2). 

If t is in Case (II.B.4), then l}i pi is a Lie algebra and (()i © pi, t)i) is a spherical pair 
with irreducible isotropy representation. Furthermore, the pair (gi, f)i © pi © f)o) is strongly 
isotropy irreducible and its isotropy representation remains irreducible when restricted to 
l)i © [)o- First we have the following possibilities of (01, t)i © pi © ()o) for which the pair is 
strongly isotropy irreducible and the subalgebra is not primitive: 



(1) 


{su{p + q),S{u{p) © u(g))) with p,q> 1, 


(2) 


{so{p + q),so{p) ©so(g)) with p,q>l, 


(3) 


{sp{p + q),3p{p) ®Sp{q)) with p,q>l, 


(4) 


(sp(n),u(n)) with n>l 


(5) 


(so(2n), u(n)) with n > 3, 


(6) 


(^2,S0(4)), 


(7) 


(f4,5p(3)©Sp(l)), 


(8) 


(e6,so(10)©5o(2)). 


(9) 


(e6,su(6) ©su(2)), 


(10) 


(e7,e6©so(2)). 


(11) 


(e7,5o(12) ©5u(2)), 


(12) 


(e8,e7e5u(2)). 


(13) 


(5u(4),so(4)), 


(14) 


{su{pq),$u{p) © 5U{q)) with p,q >2,pq > 5, 


(15) 


(14,^2 50(3)), 


(16) 


(f4,5u(3)©5u(3)). 


(17) 


(e6,5u(3)e^2), 


(18) 


(e6,5u(3) ©5u(3) ©su(3)). 


(19) 


(e7,sp(3)©^2), 


(20) 


(e7,so(3)©f4). 


(21) 


(e7,su(3) ©su(6)). 


(22) 


(e8,su(3) © eg). 


(23) 




(24) 


(5o(4n),5p(l) ®sp{n)) with n>2, 


(25) 


(5p(n),5p(l) ©5o(n)) with n > 3. 







The first 13 cases are from the symmetric spaces and the rest are from Wolf's list. Next we 
consider the triples {)i®f)o C f)i©pi®f)o Cgi and they are the foUowings: 

(1) su{p) ® su{q) C S{u{p) © u{q)) C su{p + q) with p,q> l,pq> 2, 

(2) so{n) ®%C so{n) © so(7) C so{n + 7) with n > 2, 

(3) sp(n) © u(l) C sp{n) © sp(l) C 3p{n + 1) with n > 1, 

(4) sp(n) © so (4) C 3p{n) © 5p(2) C sp(n + 2) with n>l, 

(5) su(n) C u(n) C sp{n) with n > 1, 

(6) u(l)©so(5) Cu(4) C5p(4), 

(7) su(n) C u(n) C so(2n) with n > 3, 

(8) u(l) ©sp(3) C sp(l) ©sp(3) C U, 

(9) so(lO) C 50(10) ©so(2) c e6, 

(10) so(9) ©so(2) c 50(10) ©so(2) c ee, 

(11) u(l) ©5u(6) C 5u(2) ©5u(6) C ee, 

(12) tQ c e6©50(2) c 67, 
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(13) u(l) ©so(12) c su(2) ©so(12) c tj, 

(14) 50(11) ©su(2) c so(12) ©5u(2) c ey, 

(15) u(l) © cr C su(2) © e7 C eg, 

(16) so(5) © u{n) C S'(u(4) © u{n)) C su{n + 4) with n > 1, 

(17) u(2) C so(4) C 5^2- 

There is no corresponding group triples for the last two cases (16) and (17). In Case (2) the 
group triple is 

H = Spin(n) x ©2 C K = S0(r?J^0(7) C Spin(n + 7). 

If 77, > 3, then K is not simply-connected and its two-fold cover is Spin(n) x Spin(7). It 
follows that K/H is the real projective space MP^. For other cases, we list the group triples 
H C K C G below: 

(1) SU(p) X ASU(g) C U(l) ■ SU(j9) x ASU(g) C SU(p + g) x SU(g), 

(2) 02 X AS0(2) c Spin(7) x AS0(2) c Spin(9) x S0(2), 

(3) U(l) X ASp(n) C Sp(l) X ASp(n) C Sp(n + 1) x Sp(n), 

(4) Sp(l) X Sp(l) X ASp(n) C Sp(2) x ASp(n) C Sp(n + 2) x Sp(n), 

(5) ASU(n) C U(l) X ASU(n) C Sp(n) x SU(n), 

(6) Sp(2) X AU(1) C SU(4) X AU(1) C Sp(4) x U(l), 

(7) ASU(n) C U(l) X ASU(n) C S0(2n) x SU(n), 

(8) U(l) X ASp(3) C Sp(l) X ASp(3) C F4 x Sp(3), 

(9) ASpin(lO) C S0(2) x ASpin(lO) C Eg x Spin(lO), 

(10) Spin(9) X AS0(2) c Spin(lO) x AS0(2) C Eg x S0(2), 

(11) U(l) X ASU(6) C SU(2) X ASU(6) C Eg x SU(6), 

(12) AEe C S0(2) x AEg C E7 x Eg, 

(13) U(l) X ASpin(12) c SU(2) x ASpin(12) c E7 x Spin(12), 

(14) Spin(ll) X ASU(2) c Spin(12) x ASU(2) c E7 x SU(2), 

(15) U(l) X AE7 C SU(2) X AE7 C Eg X E7. 

The discussion in Case (II. B. 5) is similar to Case (II. B. 4). 

If t is in Case (II. B. 6), then [)o is either u(l) or su(2) and the isotropy representation of 
the pair (gi, ()i © f)o) has two irreducible summands. There are many examples in this case. 
We summarize the group triples in Case (II. B. 2) and (II. B. 4) in Table [61 
We consider the construction of the cohomogeneity one diagram. 

If none of the triples H C C G is in Case (II. B. 6), then from the fact that the three 
summands are pairwisely non-equivalent, each of them should be in Table |6l It is easy to 
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G 


K 


H 




Sp(n + 1) X U(l) 


Sp(n) X Sp(l) X U(l) 


Sp(n)AU(l) 


n > 1 


F4 X U(l) 


Sp(3) X Sp(l) X Ufl) 

r\/ rV/ V/ 


Sp(3)AU(l) 




Efi X U(l) 


SU(6) X SU(2) X U(l) 


SU(6)AU(1) 




E7 X Ufl) 


Spin(12) X SU(2) x U(l) 


Spin(12)AU(l) 




Eg X Ufl) 


E7 X SU(2) X U(l) 


E7AU(1) 






c;nin/'7'i V A 1 in 

OpiiH^ / J A AAUl^iJ 


^2^^\^ ) 




^n(A\ V 1 in 
JPI^J X Ul^iJ 


CI ll'ziA V Aiin'i 






V 1 in"! 

te X ui^ij 


OpilH^iUJ A AALH^iJ 








lin . c;i \('n\ V Ac;i \(n\ 


c;i {(n^ X Ac;i \(n\ 


n ^ 1 n ~> 
P ^ 1 5 t/ ^ Z 


Q r\ ( 'T) _i_ I1 ^r\('r)i 
Op^/in^ L J A Op^/iJ 


jpyi-j A LXjpyiLj 


1 m A'^nl'n'l 


n > 1 


Qrirn -J- 9'l V '^n(r}^ 


jpy^j A AAop^/ij 


jpyij A op^ij^opi^/tj 


n > T 
il L 


opyiLj A j\jyiLj 




A9I \(r)\ 


n > 9 






Sninn TlASlll'9'l 




S0(2n) X SU(n) 


U(l) X ASU(n) 


ASU(n) 


n > 3 


F4 X Sp(3) 


Sp(l) X ASp(3) 


U(l)ASp(3) 




Eg X Spin(lO) 


U(l) X ASpin(lO) 


ASpin(lO) 




Eg X SU(6) 


SU(2) X ASU(6) 


U(1)ASU(6) 




E7 X Ee 


U(l) X AEe 


AEe 




E7 X Spin(12) 


SU(2) X ASpin(12) 


U(l)ASpin(12) 




Eg X E7 


SU(2) X AE7 


U(1)AE7 





Table 6. Group triple G D K D H in Case II.B.2 and II.B.4 



see that in Table El for any given pair (G, H), there is only one intermediate subgroup K. 
This gives us example R.13(m = 1). 

If H C C G is in Case (II. B. 6), but H C K~ C G is not in Case (ILB.6), then we have 
example R.19, R.20(m = 1) and R.21. 

If both are in Case (II. B. 6), then we have example R.9(m = 1) and R.IO. 

Step II. First note that other than example R.ll, R.12, R.22 and R.23, the three 
summands of the isotropy representation Adn^ of the examples in Table [12] and [T3] are non- 
equivalent. From Step I, these four examples have (G, H) = (U(l) x G2 x U(l), H2AU(1)) 
where U(l) is diagonally embedded into the last two factors of G, and G2/(H2 x U(l)) is 
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strongly isotropy irreducible. The simplest case is when G2 = SU(2) and H = AU(1). The 
manifold is 5 dimensional and the isotropy representation is [0]k © id © id. 

It is easy to see that the action is not a product(see Section 1.5.1 in jHoj ) since the manifold 
is simply-connected. In dimension 5, if the action is not a product or a sum action, or fixed 
points free, then the non-reducible diagrams have G = SU(2) x U(l) and He = {1}. Such 
diagrams were classified in |Ho] and most of them have disconnected H. If a U(l) C SU(2) 
normalizes H and K^, then one can extend the diagram H C {K^} C U(l) x SU(2) to a 
reducible one with G = U(l) x SU(2) x U(l) and He = AU(1) via normal extension. In 
example N^, Q\ and in |Ho] . one can take L = U(l) = {e*^} to extend the action to 
U(l) X SU(2) X U(l). Note that example is a primitive action and it is a sum action on 
However such extension does not exist for the example and Q\. 

Next we consider other examples, i.e. H2 is not a trivial group. The non-reducible diagrams 
have G = U(l) X G2 and H = H2. If the isotropy representation of G2/H2 has two irreducible 
summands, then the non-reducible diagram by U(l) x G2 also has s = 3. So we only consider 
the pairs (G2, H2) where the isotropy representation G2/H2 has more than two irreducible 
summands, and they are given by (SO(ra + 2), SO(n))(n > 2) and their finite covers. The 
connected components of are given by U(l) • H2 and the embeddings of the U(l) factor 
into U(l) X G2 are different. The proper subgroup L = U(l) x S0(2) x SO(n) C G contains 
both We may assume that G2 is simply-connected by lifting the action to its universal 
covering if necessary. The diagram in this case was discussed in |Ho] . see Lemma 4.3. There 
are two different classes of cohomogeneity one diagrams. In one class, example R.12, the 
diagrams are doubles with disconnected H and the manifolds are bundles over the Stiefel 
manifold S0(?7, + 2)/S0(?t,). In another class, example R.23, the diagrams are non-primitive 
and the manifolds are bundles over S0(n + 2) / (S0(2) x SO{n)) with fiber a three dimensional 
lens space. In both classes, since U(l) X S0(2) normalizes and H, one can extend the 
actions by U(l) x S0(?2 + 2) to reducible actions by U(l) x SO(n + 2) x U(l) such that the 
principal isotropy representation has three irreducible summands. 

We illustrate the construction in this case by the pair (G2, H2) = (S0(5), S0(3)). 

Suppose {I3{e) = e^^'^\0 < < l} is the circle group S0(2) C S0(2) x S0(3) C S0(5) and 
{a{t) = e2^**|0 < t < 1} is the S0(2) factor in G = S0(2) x S0(5). Let 

K± = I (^a{n±9), ^^^"^^^^ ^^\0<9 <l,Ae S0(3) | C S0(2) x S0(2) x S0(3) 

be the identity components of where m± and n± are integers. To obtain a diagram which 
defines a double, let n± = 1 and m± = m, and for any integer k let C {{a{9), (3{m9))} be a 
cychc group. Then a double has the diagram H = Zfc-S0(3) C {K^ = K^} C S0(2) x S0(5). 
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We consider the diagram in the second class which is not a double. To simplify the 
discussion, we assume that n± = 1 and then m+ 7^ m_. Suppose is the cyclic group 
generated by {a{l/m±), I^) and by {a{l/m), I^) where m is the least common multiple 
of m±. Let H-t = Z^^ ■ SO (3) and 

H = H+ ■ H_ = Z^ ■ S0(3), K± = K± ■ H = K± ■ Z^/^^, 

then the diagram Hc{K^}cG = S0(2) xS0(5) defines a simply-connected cohomogeneity 
one manifold M. Since both is contained in L = SO (2) x SO (2) x SO (3), M is a fiber 
bundle over the space G/L = SO(5)/(SO(2) x S0(3)) and the L action on the fiber is also 
cohomogeneity one. The action is not effective and the effective one has the diagram 

{l}c{sl,_,s},„JcT^ 

where Sj ^ is embedded in T^ as (e^^^^^ e2'^*«^)(0 < ^ < 1). Using the van Kampen Theorem, 
the fibre is a lens space with fundamental group tti = Z|m^_m_|, see [Ne] and Proposition 
1.8 in jlfo] . 

In the following let H C { } C G be a diagram in Table [12] and [13], and we assume that 
the three summands are non-equivalent. It follows that one cannot obtain a new diagram by 
conjugating the original one by an element in Ai'G(H). If one singular orbit is codimension 2, 
say K^/H = then one may add connected components to isotropy subgroups. In the case 
where the diagram is a double, i.e., K~ = K"*", then we have the diagram H ■ Xm C {K"*^} C G 
for every m G Z. Note that in example R.8, if one add connected components, then the 
action is not effective and its effective version is the original one with connected H. If the 
diagram F is not a double, then it is one of the example R.14, R.15, R.17, R.19 and R.20. 
Except for example R.15 and R.19, there exists a proper subgroup L contains and the 
diagram Hc{K^}cLisa sum action on a sphere. For each m G Z we have the diagram 
H ■ Zm C {K^, • Zm} C G and ■ Z^ is contained in L. In example R.15 and R.19, 
contains K~ which implies that one can not add components to the isotropy subgroups. 
This finishes the proof of Theorem 14.11 □ 

4.2. Non-primitive actions. We assume that the diagram is non-reducible and the main 
result is 

Theorem 4.2. Suppose a compact simply- connected manifold M admits a cohomogeneity 
one action with diagram H C {K^} C G and s = 3. If the action is non-primitive and 
non-reducible, then 

(1) either the manifold is a double, i.e., K = , 



(2) or it is equivariantly diffeomorphic to one of the examples in Table [7? 
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Proof. Step I: We assume that H is connected. Let H C {K^} C Gbea non-primitive 
diagram and L be the minimal subgroup of G which contains both K"*^. Let Di denote the 
diagram H c {K^} C L. If are the same, then L = and the manifold is a double. In 
the following, we assume that at least one of is proper in L. 

Case A. We consider the case when L is one of K^, say L = K"*" and C L. So the 
diagram Di has only one fixed point and s = 2 and G/L is strongly isotropy irreducible. 
Suppose L = Li X L2 and Li is the non-effective kernel of the action given by Di. Then the 
effective version of is Hi C {Ki, L2} C L2. From the classification of the actions with one 
fixed point in Proposition 13.11 Li x Hi C Li x L2 C G is one of the following triples: 

(1) Li X SU(n) C Li X SU(n + 1) C G, 

(2) Li X U(n) C Li X U(n + 1) C G, 

(3) Li X Spin(7) C U x Spin(9) C G, 

(4) Li X Sp(n)ASp(l) C Li X Sp{n + 1) x Sp(l) C G. 

Since the diagram of M is non-reducible, any primitive factor in Li is not in the non-effective 
kernel of the homogeneous space G/L. 

In the first case, the homogeneous space G/L is effective and then the isotropy representa- 
tion of G/(Li X Hi) has 3 summands. Combining the classification in Table [HI for the triple 
G D Li X L2 D Li X Hi, we have the following two possibilities: 

(1) SU(2) X SU(5) C SU(2) X SU(6) C Eg, 

(2) SO{n) X SU(3) C SO{n) x SU(4) C Spin(6 + n) with n>l, 

Thus we have example N.l and N.2. The manifolds are CP^ bundle over E6/(SU(6) ■ SU(2)) 
and CP^ bundle over SO{n + 6)/(SO(6) x SO(n)) respectively. 

In the second case, some primitive factor of L2 but not the whole L2 is the non-effective 
kernel of the homogeneous space G/(Li x L2). Then we have example N.3 and N.4 and the 
manifolds are EIP"+^ bundle over Gi/(Li x Sp(l)) and CP""*"^ bundle over Gi/(Li x U(l)) 
respectively. 

In the last case, L2 is the non-effective kernel of the homogeneous space G/(Li x L2). Then 
we have example N.5 and the manifold is the product of Gi/Li with the one defined by the 
diagram Di. 

Case B. Now we assume that both K"*^ are proper subgroups in L and then G/L is isotropy 
irreducible. The diagram Di is primitive and has s = 2. There are three difference cases for 
the effective version of this diagram classified in Theorem 13. 2[ 

CaseB.1. Suppose the diagram Di is given by (§2 X Li C {Spin~(7) x Li,Spin+(7) x Li} C 
Spin(8) X Li. If G is simple, then G D Spin(8) x Li D Spin" (7) x Li is in Table H] and thus 
G = Spin(9) and Li = {!}. However the isotropy representation of the homogeneous space 



28 



CHENXU HE 



Spin(9)/Spin(8) splits when restricted to &2- If G is not a simple Lie group, then we have 
example N.6 and the manifold is the product x Gi/Li. 

Case B.2. Suppose the diagram Di is given by {1} x Li C {U(l)i ■ Li, U(l)2 ■ Li} C 
U(l) X U(l) X Li. If the non-effective kernel of the homogeneous space G/L is U(l) x U(l), 
then we have a special case of example N.7 for which Li = L2 = U(l). 

The other possibility is that G = Gi x U(l) such that Gi is simple, Gi/(U(1) ■ Li) is strongly 
isotropy irreducible and its isotropy representation remains irreducible when restricted to Li. 
It follows that the pair (Gi, U(l) • Li) appears as (G, K) in Table HI Thus we have example 
N.8 with (Li, Hi) = (U(l), {1}) and N.IO with connected H'. 

Case B.3. Suppose the diagram Di is Hi x H2 x Lq C {Li x H2 x Lq, Hi x L2 x Lq} C 
Li X L2 X Lq and Lj/Hj(i = 1,2) is a sphere with irreducible isotropy representation. If some 
primitive factor L' of L diagonally embeds into G, then G = L' x L. Note L' is not a factor 
of Lo otherwise the diagram is reducible. Since the isotropy representation of G/L remains 
irreducible when restricted to H, it follows that one of Li and L2, say L2 = S0(2), and then 
L' = L2. However the manifold is a sphere bundle over which is not simply-connected. 
So we assume that there is no diagonally embedded factors in G. Since the diagram is 
non-reducible, any primitive factor of Lq is not contained in the non-effective kernel of the 
strongly isotropy irreducible space G/L, i.e., the kernel is a subgroup of Li x L2. If Li x L2 
is the kernel, then we have example N.7 and the manifold is a product of a sphere and the 
homogeneous space Gi/Li. 

Next we assume that the non-effective kernel L' is a proper normal subgroup of Li x L2. 
Both Li and L2 cannot be SU(2) x SU(2)(or S0(4)) otherwise the diagram of G action is 
reducible. Hence one of Li and L2, say Li, is primitive and then L' = Li. It follows that 
G = Li X G2 and the pair (G2, L2 x Lq) appears as (G, K) in Table HI Conversely, for every 
triple G2 D K2 D H2 in Table [Hand for any isotropy irreducible spherical pair (Li, Hi) with 
Li primitive, we have the following diagram 

Hi X H2 C {Li X H2, Hi X K2} C Li X G2, 

and it gives us example N.8 and N.9(m = 1). 

Step II: From Step I, if a variation of a double has different singular isotropy groups, 
then the new diagram must be in Table [HI Let : H' C {K^ = K'} C G be a double with 
K'/H' = §1. Suppose D : H C {K^} C G is a dia gram with disconnected subgroups from the 
double Dc, i.e., = K' and H^ = H'. Let H± = H n = H n K' and then Lemma 1.13 in 
[Ho] tells us that H is generated by H± if the manifold defined by D is simply connected. In 
particular it implies that H C K' since H_ = H_|_. Since K^/H = S^, we have that = K' 
and the manifold is an bundle over G/K'. 
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For most diagrams in Table [I7[ the three irreducible summands of the isotropy representa- 
tion Adhc non-equivalent. It follows that their variations by conjugating group elements 
are equivalent to the original ones. In the following four cases, the isotropy representation 
AdH^ contains two equivalent irreducible summands: 



They are example N.2 with n = 1, example N.6 where Gi/Li is strongly isotropy irreducible, 
example N.8 for the triple S0(8) D Spin(7) D (52, and example N.IO where the triple 
Gi D Ki D Hi is in Table S such that Ki/Hi = 

The different diagram from a variation of the first one (14. ip is a double. For the second 
diagram f l4.2p . all automorphisms of Spin (7) are inner ones, i.e., conjugation by group ele- 
ments. Since for every g G A^(SU(3)), g.{[J{l) ■ SU(3)).(?~^ = U(l) ■ SU(3), a variation does 
not give us a new diagram. Since the U(l) factor in K~ is contained in K"*" = SU(4), one 
cannot add connected component to H . A similar argument shows that any variation of the 
third one (14. 3 p does not give us a new diagram either. If the pair (Li, Hi) is (U(1),{1}), 
then one can add connected components to H = 02 and = Spin (7) to obtain a diagram 
with disconnected principal isotropy subgroup. However the action of G = U(l) x S0(8) 
is not effective and the diagram of the effective action is the same as the one (14.30 . The 
discussion of the diagram (14.40 is similar to the example R.23 in the proof of Theorem 14.11 
Since the two singular orbits are codimension two, one can add components to the three 
isotropy subgroups. The proper subgroup L = U(l) x Ki contains both K^. We can apply 
Lemma 4.3 in [Ho] to obtain all diagrams whose connected groups are in ( 14. 4p . It follows 
that the manifolds are lens space bundles over Gi/Ki. The one with the lowest dimension 
is given by the triple (Gi,Ki,Hi) = (S0(3) x U(1),S0(2) x U(1),S0(2)) and the manifold 
is the product x S^. if (g^, Ki, Hi) is the triple (SU(3), U(2), SU(2)), then the manifold is 
example Nj^ in [HoJ. 

Finally we consider the diagrams by adding connected components to isotropy groups and 
we assume that the three summands are non-equivalent. If the diagram is a double and 
K^/H = S^, then for each nonzero integer m, we have the diagram • H C {K^} C G. 
In example N.7 and N.8, if one add connected components to isotropy subgroups, then the 
action by G is not effective. If the diagram is in example N.l, N.2, N.4 and N.5, then the 



(4.1) 
(4.2) 
(4.3) 



©2 X Li c {Spin"(7) X Li,Spin+(7) x U} c Spin(8) x Gi 

SU(3) C {U(l) ■ SU(3), SU(4)} c Spin(7) 

Hi X ©2 C {Li X ©2, Hi X Spin(7)} C U x S0(8) 



(4.4) 



Hi c {U(l) ■ Hi,Ki} c U(l) X G 
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diagram H C {K^} C has a fixed point. So one cannot add connected components to 
the isotropy groups. □ 

5. Primitive and non-reducible actions with s = 3 and G simple 

First we state the main result in this section. 

Theorem 5.1. Suppose M is a compact simply- connected manifold with a cohomogeneity 
one action by a simple Lie group G. If the action is primitive and has s = 3, then M 
is equivariantly diffeomorphic to a sphere, a complex projective space or the Grassmannian 
SO{m + n) / {SO{m) x SO{n)){m,n > 2) with an isometric action, see Table [TOl and llli 

We saw in Theorem 14 . 1 1 that if the action is reducible and primitive, then the manifold is 
a sphere with a hnear action. So in the following we assume that the action is non-reducible. 
We prove the theorem in several steps: 

Step 1: If the three summands of the isotropy representation are non-equivalent, then 
the manifold is a sphere with a sum action or the two singular orbits G/K^ are strongly 
isotropy irreducible, see Proposition 15.21 

Step 2: We assume that all isotropy subgroups are connected. If one of G/K^, say G/K~ 
is not isotropy irreducible, i.e., the isotropy representation of G/K~ has two summands, then 
the group triple G D D H must be S0(7) D U(3) C SU(3), see Proposition 15.41 

Step 3: We classify triples of connected groups G D K D H such that G/K is isotropy 
irreducible, K/H is a sphere and the isotropy representation of G/H has three summands, 
see Proposition 15.51 and Table [HI It follows that if M is not a sphere, then both triples 
G D K± D H are in Table |8]or S0(7) D U(3) D SU(3). 

Step 4: For every quadruple (G, Ki, K2, H) from the previous step, we consider all possible 
cohomogeneity one group diagrams from it and then identify the manifolds. Theorem 15.71 is 
the classification for disconnected H and Theorem 15.111 is for connected H. 

5.1. Three summands are pairwisely non-equivalent. We will show that the two sin- 
gular orbits B± = G/K^ are strongly isotropy irreducible homogeneous spaces unless the 
cohomogeneity one manifold M is equivariantly diffeomorphic to a sphere. In the following, 
the three irreducible summands of Adn^ are denoted by pi, p2 and ps, i.e., p = pi © p2 © ps- 

Proposition 5.2. If pi, p2 and p3 are pairwisely non- equivalent as the Adn^ representations, 
then 

(1) either G/K^ are strongly isotropy, 

(2) or M is a sphere with a sum action. 
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Proof. There are three different types of the group diagram. In the first type, none of K^/H 
are strongly isotropy irreducible, then both G/K^ are strongly isotropy irreducible. 

In the second type, only one of K^/H, say K~/H, is strongly isotropy irreducible. We 
will show the manifold is equivariantly diffeomorphic to a sphere. For any X, F G p, we 
denote Q{X, Y) by {X, Y). Without loss of generality, we may assume that = f) © pi and 
t"^ = [) © p2 © p3 since the group diagram is primitive and G-action is fixed-point free. Let 
mi = pi and m2 = p2 © p3 and we define the following spaces: 

[)o = Ann(mi © ma) n [), f), = Ann(m,) n f)^ n t), [)3 = (t)o © fli © t)2)^ n []. 

A similar argument as in the proof of Theorem 13.21 shows that 

(1) [)o = [)3 = 0, and both f)2 © mi and [)i © m2 are ideals of g; 

(2) = [)i © t)2 ©mi ©m2, r = f)i © [)2 ©mi, = fii © [)2 © m2. 

Let Hi, H2, Li and L2 be Lie groups of f)i, i)2, f)i©m2 and [)2©tni respectively, then we have 

G = Li X L2, K- = Hi X Li, K+ = H2 X L2, and H = Hi x H2, 

and hence the G-action is a sum action and the manifold M is G-equivariant diffeomorphic 
to a sphere. 

Now we consider the last type where both K^/H are strongly isotropy irreducible. Since 
the group diagram is primitive, without loss of generality, we may assume that 6~ = f) © p2 
and = i) Q) P3. Following the proof of Theorem 13. 2[ the subspace [p2,p3] is orthogonal 
to fi © p2 © p3. So we have [p2,p3] C pi and [p2,p3] is an invariant space under the action 
Adh^. It is either equal to to pi from the irreducibility of pi. In the first case, f) © p2 © p3 
is an ideal of g, so the group generated by K~ and is a proper normal subgroup of G 
which contradicts the primitivity assumption. Therefore [p2,p3] = Pi which implies that 
both G/K^ are strongly isotropy irreducible. □ 

Remark 5.3. Let H C {K^} C Gisa non-reducible and fixed points free diagram with 
s = 3. Suppose G/K~ is not strongly isotropy irreducible and the representation of Ad^-yH 
is denoted by P3. If p3 is not equivalent to one of the summands pi and p2, then from the 
proof of Proposition 15. 2[ then we have 

(1) if pi and p2 are non-equivalent, then the manifold is a sphere via sum action; 

(2) if pi and p2 are equivalent, then the diagram is non-primitive. 

5.2. Two or three summands are equivalent. We consider the triple of connected groups 
H C K C G such that K/H is a sphere, the isotropy representation Adn on the tangent space 
of K/H is irreducible and the isotropy representation AdK on the tangent space of G/K has 
two irreducible summands. 
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Proposition 5.4. Let G be a simple Lie group and He K C G be three connected Lie groups 
such that K/ H is a sphere and Ad^ is irreducible on the tangent space p3 of Kj H. Suppose 
the Ad-K action on the tangent space of G/K has exactly two irreducible summands pi and 
p2- If pi and p2 remain irreducible when they are viewed as the representations of Adn, then 
pi, p2 and p3 are pairwisely non- equivalent except for the triple SU{3) C U{3) C 50(7). 

Proof. Since the groups H, K and G are connected, we consider their Lie algebras: P) C t C 0. 
We denote the representation of ad(, on pj by Xi for ^ = 1; 2, 3. 

First we consider the pair (G, K) for which dim pi = dimp2 and there exist some H such 
that the sphere K/H is isotropy irreducible. From the classification of (G, K) in |DKj and 
Theorem IA.lt they are in Table [71 To save space, we only give the group K. We list the 
condition for each pair in the last column. 





K 


Xi 


X2 




I.l 


SO(m) X S\J{k),{k > 4) 


Id ® [7r27r^_i' 


M 


Qm ® 7ri7rfc_i 


2m = - 4 


1.2 


SO(m) X SO(A;),(A; > 7) 


Id ® VTiVTs 




4m = {k-3){k + 2) 


1.5 


SO(m) X Sp(A;), {k > 3) 


Id ® 7r^7r2 




2m={k- l){2k - 3) 


1.14 


SO(65) X E7 


Id ® TTa 


Q65 ® TTi 




1.16 


©2 


TTl 


TTl 




1.18 


SO(m) X [J{k),{k > 3) 


Id O [1T2 ® 0; 


R 


(g [tTi (g 


M 


2m = k — 1 


II.5 


SU(p) X SU(g) X 5(U(1) X U(m)) 
{p,q > 2,m > 1) 


TTlTTp-i (g) TTiTTg-i ® Id (g) Id Id 


2mpq 

= (p2_l)(g2_l) 


[tTi (g) VTi (g) (g) 0* (g) 7r„_i]M 


III.6 


Sp(m) X \J{n) 


Id (g) [irf ® 02 


R 


[tTi (g TTi (g 


R 


4m = n + 1 


V.l 


SO(m) X SO(m), (m > 3,m 7^ 4) 


vr2 (g Trf 


(g 7r2 




V.2 


Sp(2) X Sp(2) 


TTi (g 7r2 


7r2 (g nf 





Table 7. The pairs (G, K) for which dim pi = dimp2. 



It is easy to see that only in example 1.18 when m = 1 and = 3, if H = SU(3), then xi|h 
is equivalent to X2|h and Xs = M. For other cases, either at least one of Xi aiid X2 splits 
when restricted to H or the three summands are non-equivalent. 

Next we show that xs is not equivalent to xi|h or X2\h- We prove it by contradiction. 
Assume that xs is equivalent to Xi|h- From the classification of transitive actions of the 
sphere and the assumption that adt/j, is isotropy irreducible, {t, f)) is one of the pairs (so(fc + 
1) © f)o,so(fc) © f)o)(fc > 1), © flo,su(3) © f)o) and (so (7) © [)o,% © f)o)- Here f)o may be 
a zero vector space. 
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We consider the case when K/H is a circle first. Sine xs is equivalent to Xi|h, we have 
that dim pi = 1 and i contains a u(l) factor. However such pair (G, K) does not exist from 
the classification. 

If t = so{k + 1) © f)o and i) = 5o{k) © f)o with k > 2, then Xs = Qk ^ Id. If Xi = o"i © (^2 
is a representation of real type, then o"2 is the trivial representation and (Ti\so{k) = Qk- The 
only possible case if that t = su(2) © f)o, = u(l) © f)o and Ui = tti. However Xi = o"i © Id 
is of quaternionic type. If Xi = Wi ® cr2]R and ai © is not of real type, then a2 = Id and 
the restriction of [ctiJk to so{k) is Qk- Such o"i does not exist. 

lit = spin(7)©f)o and t) = ^2®^o, then xs = vri©Id. Since every irreducible representation 
of spin(7) is of real type, Xi = f^i ® Id and ctiI^j = ^i- So we have Ui = and then 
Xi = ^?7©Id. Four examples, 1.30, 1.32, 11.13 and III. 10, have such xi- However for each of 
them, X2 splits when restricted to H. 

lit = $f2©f)o and f) = su(3)©f)o, then xs = [7ri]M©Id. Since every irreducible representation 
of '^2 is of real type, Xi = c^i © Id. However cri|su(3) cannot be [vrijiR for any irreducible 
representation (Xi. This finishes the proof. □ 

5.3. Group triples G D K D H with G/K strongly isotropy irreducible. The triples 
such that Adh has only three irreducible summands and K/H is a sphere are classified in 

Proposition 5.5. The triples G D K D H with G/K a strongly isotropy irreducible homo- 
geneous space, K/ H a sphere and H connected, for which Adn has exactly three irreducible 
summands are listed in Table{^ 



G 


K 


H 




SU(2) X SU(2) 


ASU(2) 


U(l) 




Spin(ri) X Spin(n) 


ASpin(n) 


Spin(n — 1) 


n > 6 


Spin(7) X Spin(7) 


ASpin(7) 


(32 




©2 X 02 


A62 


SU(3) 




SU(4p) 


SU(4) X SU(p) 


Sp(2) X SU(p) 


p>2 


SU(p) X SU(4) 


SU(p) X Sp(2) 


SU(2p) 


SU(p) X SU(2) 


SU(j9) X U(l) 


p>3 


SU(16) 


Spin(lO) 


Spin(9) 




SU(4) 


SU(2) X SU(2) 


U(l) X SU(2) 




SU(2) X U(l) 




SU(3) 


U(2) 


U(l)xU(l) 




Continued on next page 
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Table 8 - continued from previous page 



G 


K 


H 




SU(2) 


S0(2) 


{1} 




SO(j9 + 2) 


S0(j9+1) 


SO(p) 


p > 4 


S0(p + g + 2) 


SO(p+ 1) X SO(g+ 1) 


SO{p) X SO(g + 1) 
SO(p+ 1) X SO(g) 


p,q>l 


Spin(6 + 2p) 


Spin(6) X S0(2p) 


SU(3) X S0(2p) 


P > 1 


SO(2j9) X Spin(6) 


S0(2p) X SU(3) 


Spin(7 + 2p) 


Spin(6) X SO(2j9+ 1) 


SU(3) X S0(2p+ 1) 


p>0 


Spin(128) 


Spin(16) 


Spin(15) 




Spin(16) 


Spin(9) 


Spin(8) 




S0(7) 


U(3) 


SU(3) 




S0(8) 


U(4) 


SU(4) 




S0(8) 


Spin(7) 


Spin(6) 




Spin(7) 


Spin(6) 


SU(3) 




Spin(7) 


62 


SU(3) 




Sp(2) 


Sp(l)xSp(l) 


ASp(l) 




Ee 


SU(6) ■SU(2) 


SU(5) ■SU(2) 




Ee 


SU(3) X 02 


SU(3) X SU(3) 




F4 


Spin(9) 


Spin(8) 




F4 


S0(3) X (52 


S0(3) X SU(3) 




62 


S0(4) 


S0(3) 





Table 8: Group triple G D K D 
strongly isotropy irreducible, Adn 
K/H is a sphere. 



H such that G/K is 
has 3 summands and 



The proof is straightforward. We use the classifications of compact irreducible symmetric 
spaces and strongly isotropy irreducible homogeneous space G/K in |Wol] . For each pair 
(G, K) we list the possible H's such that K/H is a sphere and then compute the isotropy 
representation Adn of G/H. If Adn has precisely three irreducible summands, then we 
include the triple G D K D H in our list. 
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Remark 5.6. The triples {1} C S0(2) C SU(2), U(l) C ASU(2) C SU(2) x SU(2) and 
ASp(l) C Sp(l) X Sp(l) C Sp(2) can be viewed as the triple SO{p) C S0(p+1) C S0(p + 2) 
when p = 1, 2 and 3. 

5.4. Construction of cohomogeneity one group diagrams. From the previous sections, 
we only have to consider the triple SU(3) C U(3) C S0(7) and those in Table El 
We consider the case where H is not connected first and we have 

Theorem 5.7. The cohomogeneity one manifold defined by a primitive group diagram H C 
C G with G a simple Lie group, H disconnected and s = 3 is a complex project space, 
see Example 1 and 2. 

Proof. By Lemma [2.101 we may assume that /_ = 1, i.e., K~ is connected and K^/Hc = 
From the classification in Proposition 15. 5[ He C K C G is one of 

(5.1) SO(p) C S0(2) X SO(p) C S0(2 + p), (p > 3), 

(5.2) SU(3) C U(3) C S0(7) 

(5.3) SU(4) c U(4) c S0(8). 

Suppose that He C K C G is the triple in ( 15. ip . If K^, the connected component of 
K+, is S0(2) X SO{p) and then both /± equal to 1. Since A^(K+) = 5(0(2) x 0{p)) = 
S0(2) X SO{p) U (S0(2) X SO{p)) ■ A with A = diag(l, -1, -1, /p_i), the diagram is 

SO{p) ■ {1, A} c {5(0(2) X 0{p)), 5(0(2) X 0{p))} C SO{p + 2), 

The cohomogeneity one manifold defined by the above diagram is a double. It is not 
simply connected and finitely covered by the manifold defined by the diagram SO{p) C 
{S0(2) X SO(p), S0(2) X SO(p)} c SO(p + 2). 

If is SO(p + 1) and then A^(K^)/K^ = Z2 generated by the matrix diag(— /2, /p). So 
we have 

Example 1. The diagram is 

H = SO{p) ■ Z2 C {50(2) X SO{p), 0{p + 1)} C 50(2 + p) 
and the manifold is CP^^"*^, see, for example, |GWZj . 

Next we consider variations of these diagrams. If p is odd, then Aut(G, H) = 5(0(2) x 0{j>)) 
which is the same as Aut(G, K~). If p is even, then G has an outer automorphism which 
is conjugation by diag(— 1, Jp+i). It is clear that this automorphism leaves K~ invariant. 
Therefore the variation does not give another new diagram. 
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If p = 6, there are a few more possible constructions. Let us lift G = S0(8) to its universal 
cover Spin(8), then the triple is lifted to Spin(6) C (S0(2) x Spin(6))/Z2 C Spin(8) where 
Z2 is generated by —id G Spin (8). Spin (8) has another order 3 outer automorphism denoted 
by a. There are three different embeddings of Spin(7) into Spin(8) and a permutes them. If 
a leaves some Spin (6) invariant, then it would be contained in the intersection of the three 
Spin(7)'s which would imply this Spin(6) is contained in ©2- Therefore there is no such Spin(6) 
invariant by the automorphism a. On the other hand there is another intermediate subgroup 
U, the image of U(4) C S0(8) by the lifting, between Spin(6) = SU(4) and Spin(8). Since 
Spin(8)/U = SO(8)/U(4) is simply-connected, U is connected. Both (S0(2) x Spin(6))/Z2 
and U contain Spin(6) and the isotropy representation of the space Spin(8)/Spin(6) contains 
only one trivial representation Id, so they are the same subgroup in Spin (8). Divided by the 
ineffective kernel, the diagram 

Spin(6) C {(S0(2) x Spin(6))/Z2, u} C Spin(8) 

reduces to 

S0(6) C {S0(2) X SO(6),SO(2) x S0(6)} C S0(8) 

which is a double. 

If He C K C G is the one in (15. 2p . then we lift S0(7) to Spin(7) and obtain the following 
triple 

(5.4) SU(3) C S0(2) X SU(3) C Spin(7). 

From the classification, K+ is either 02 or Spin(6). If K+ = ^2, then iV(K+)/K+ = Z2. So 
we have 

Example 2. The diagram is 

Z2 ■ SL'(3) C {50(2) ■ SL/(3), Z2 ■ ©2} C Sp/n(7), 

where Z2 is the center of Spin{7). The manifold is the complex projective space CP'', see, for 
example, |Uc] . 

Next we consider the case where = Spin(6). Since S0(2) ■ SU(3) is the 2-fold cover of 
U(3) C S0(7) and there is only one S0(6) in S0(7) contains SU(3) that also contains U(3), it 
follows that Spin(6) which is the 2-fold cover of S0(6) contains S0(2) ■ SU(3). So one cannot 
add components to isotropy subgroups, i.e., H is connected. 

If He C K C G is the one in (El and K+ = Spin(7), then A^g(K+) = K+ which implies H 
is connected. If both = K = U(4), then we have A''g(K)/K = Z2 and it is generated by 
the diagonal matrix A = diag(J4, —14). Since Ai'G(Hc) = Nq{K) and there is no circle group 
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inside Nq{Hc) /^^c containing A, this triple does not give any cohomogeneity one diagram 
with a disconnected H. . □ 

Next we consider the cases where H is connected. Since there is no exceptional orbit, both 
are connected. In the classification in Proposition 15. 5[ many pairs (H,G) contain only 
one intermediate subgroup. 

Definition 5.8. Two irreducible representations (f and ip of H are outer equivalent if ip = 
t{iI>) by an outer automorphism of H. 

Recall that Xi? X2 and Xs are the three irreducible summands of the isotropy representation 
Adh on G/H. Let AdH(G/K) and AdH(K/H) be the restrictions of Ad^ to the tangent spaces 
of G/K and K/H respectively. 

Lemma 5.9. Suppose that any irreducible summand of AdniK/ H) is not equivalent or outer 
equivalent to any summand in AdniG/ K) , then the cohomogeneity one manifold defined by 
any variation of the diagram H G {K, K} G G is a double. 

Proof. We give a proof when AdH(K/H) = xs is irreducible. The other case where AdH(K/H) 
is reducible follows easily. Let r G Aut(G, H), then r is an automorphism of H and it permutes 
the three summands. By assumption, t^xs) is not equivalent to xi or X2, so r^xs) = Xs 
which implies the Lie algebra of K and hence K itself is invariant by r. Therefore the manifold 
defined by H C {K, r(K)} C G is a double. □ 

We list all triples which satisfy the condition in Lemma 15.91 

Proposition 5.10. The group triples H G K G G in Table such that any irreducible 
summands of AdniK/ H) is not equivalent or outer equivalent to the summand of AdniG/ K) 
are classify in Table{^ 



G 


H 


AdH(K/H) 


AdH(G/K) 


SU(4p) 


Sp(2) X SU{p) 


TTi (g) Id 


(712 © TTi) (g) (tTi + TTp-i) 


SU(p) X Sp(2) 


Id (g) TTi 


(tTi + TTp-i) (g) {7I2 © VTi) 


SU(2j9) 


SU(p) X U(l) 


Id ® [0]k 


(VTI + 7rp_i) ® (Id © [0]k) 


SU(16) 


Spin(9) 




27r4 © TTg 


SU(4) 


U(l) X SU(2) 


[0]r ® Id 


(Id © [(/)]m) © 27ri 


SU(2) X U(l) 


Id ® [0]iR 


27ri © (Id © 


Continued on next page 
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Table 9 - continued from previous page 



G 


H 


AdH(K/H) 


AdH(G/K) 


S0(p + g + 2) 


SO(p) X SO(g + 1) 


TTi ® Id 


(tTi © Id) © VTi 


SO(p+ 1) X SO(g) 


Id ® TTi 


TTi © (tTi © Id) 


Spin(7+ 2p) 


SU(3) X S0(2p+1) 


(Id © [ttJm) Id 


[tTiIr © TTi 


Spin(6 + 2p) 


SU(3) X S0(2p) 


(Id © [ttiIk) © Id 


[7ri]l; © TTi 


SO(2j9) X SU(3) 


Id © (Id © [ttiIm) 


TTl © [tTiIr 


Spin(128) 


Spin(15) 




VTs ffi TTe 


Spin(16) 


Spin(8) 




(tts + tta) ffi vr2 


S0(7) 


SU(3) 


Id 


KiIk ffi [ttiIr 


S0(8) 


SU(4) 


Id 


vr2 ffi 


Ee 


SU(5) ■SU(2) 


(Id © [ttiJk) © Id 




Ee 


SU(3) X SU(3) 


Id © [vTiji; 


(tti + 7r2) © ([7ri]M©Id) 


F4 


S0(3) X SU(3) 


Id © [ttiIr 


47ri © ([7ri]M©Id) 



Table 9: Group pair G D H in Table [8] such that 
AdH(K/H) has no summand equivalent or outer equiv- 
alent to one summand in AdH(G/K). 



In Table [9l when G = SO{p + q + 2) the two factors of H should be of different sizes, i.e., 
Now we state the result when H is connected: 

Theorem 5.11. The cohomogeneity one manifold defined by a primitive group diagram 
H G {K^} C G with G simple, H connected and s = 3 is either S^^, S^^, CP'^ or the 
Grassmannian SO{p + g + 2)/ (SO(p + 1) x SO{q + 1)) with p,q > 1, see Example 3-9. 

Proof. There are two main steps in the proof. In Step 1, we consider the pairs (H, G) for 
which there are at least two intermediate groups. In Step 2, we consider the variations of 
doubles. We fix the notations for the outer automorphisms of S0(2m)(or Spin(2m)): A is 
the degree 2 outer automorphism and a is the degree 3 outer automorphism of Spin (8). 
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Step 1: From the classification of tlie triples, between tlie following four pairs of (H, G), 
there are more than one intermediate subgroups K. They are 



(5.5) U(l) X U(l) C {5(U(1) X U(2)), 5(U(2) x U(l)} C SU(3), 

(5.6) SU(3) C {Spin(6), 62} C Spin(7), 

(5.7) SU(3) C {S0(2) • SU(3), 62} C Spin(7), 

(5.8) SU(3) C {S0(2) • SU(3), Spin(6)} C Spin(7), 

(5.9) SU(4) c {Spin(7), U(4)} c S0(8), 

and 

(5.10) SO{p) X SO(g) C {SO{p) x SO(g + 1), SO(p + 1) x SO(g)} C SO{p + g + 1), 



where p, q > 1. 

Example 3. The manifold defined by the diagram ( 15. 5\) is the sphere S"^ and the embedding 
SU{3) ^ 50(8) is given by the adjoint representation of SU{3), see |GWZj and example Q\ 
in |Ho] . 

Example 4. The manifold defined by the diagram \5. 6^ is the sphere and the embedding 
Spin{7) ^ 50(15) is given by g-j © Ay where Ay is the spin representation of Spin{7), see, 
for example, |GWZj . 

We know that Ai'spin(y)(SU(3))/SU(3) = Z12 and the generator can be represented as, for 
example, A = diag(/3, —h). Both ©2 and Spin (6) are invariant under the conjugation of A. 
Hence any variation of the diagram gives the same cohomogeneity one manifold. 

Example 5. The manifold defined by the diagram ([5. 7| ) is the Grassmannian 50(9)/50(2) x 
50(7), see, for example, |Uc] . 

Following a similar argument as in the previous case, any variation of this diagram does 
not give us a new cohomogeneity one manifold . 

The diagram (15. 8 p is not primitive and we have seen that S0(2) ■ SU(3) is contained in 
Spin(6). 

Example 6. The manifold defined by the diagram / [5. 9^) is the projective space CP''', see, for 
example, jUcj . 

A similar argument shows that any variation does not give us a new cohomogeneity one 
manifold . 
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Example 7. The manifold defined by the diagram ( f 5. 1 0\} is the Grassmannian SO{p + q + 
2)/{S0{p + 1) X SO{q + 1)) and the embedding SO{p + q + 1) )• SO{p + q + 2) is given by 
Qp+q+i © id. 

Let K~ and K"*" denote SO(p) x SO(g + 1) and SO(p + 1) x SO(g) respectively and assume 
that one of p,q is bigger than 1. li p ^ q, by Proposition 15.101 any r G Aut(G, H) leaves 
both invariant. So we only need to consider the case p = q- In this case, there is one 
automorphism of H given by conjugation of the matrix 



(5.11) 



J 



( 



J 



where the entries without specifying values have zeros. But switch each other by the 
conjugation of J. Therefore there is no new manifold from the variation. 

Step 2: Combining the results in Proposition 15.51 and Proposition I5.10[ there are a few 
triples H C K C G which need to be considered. In the following, we analyze each of them. 

• U(l) X U(l) C U(2) c SU(3). 

There are only two different U(2)'s between U(l) x U(l) and SU(3) and the primitive 
diagram gives the sphere It is already appeared in Step 1. 

• SO{p) X SO{p) c SO{p + 1) X SO{p) c S0(2p +l){p> 2). 

The conjugation by J defined in (15. lip maps SO(p + 1) x SO{p) to SO(p) x SO(p + 1), 
so the variation gives the Grassmannian S0(2p + 2)/ (SO(p + 1) x SO{p + 1)) which already 
appeared in Step 1. 

• SO(p) c SO(p+ 1) c S0(p + 2). 

Ifpisodd, then Aut(G, H) = Ai'G(H) = S'(0(2) x 0(p)) is connected and hence any variation 
gives the double. If p is even then the automorphism A leaves K invariant too. If p = 6, then 
a does not leave any SO (6) invariant. So this triple only gives a double. 

• SU(3) C Spin(6) C Spin(7). 

Let i : SU(3) )■ Spin(6) and j : Spin(6) Spin(7) be the embeddings. Since SU(3) is 
simply-connected, we have the following commutative diagram: 

SU(3) Spin(6) Spin(7) 

id TT TT 



SU(3) 



50(6) 



50(7). 
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The embedding 7 is given by the representation [ni]^ of SU(3). The outer automor- 
phism(the complex conjugation) of SU(3) is given by an inner automorphism of S0(7), the 
conjugation by the matrix diag(/3, and S0(6) is invariant by the conjugation. So every 
element in Ai'spin(7)(SU(3)) leaves Spin(6) invariant and the variation gives only a double. 

• SU(3) C 02 C S0(7). 

As seen in the previous example, conjugation by the matrix diag(/3, represents the 
outer automorphism of SU(3). From the embedding of the Lie algebras ^2 C so{7), see for 
example |He] . it is easy to check that is invariant by the conjugation and hence 02 is also 
invariant. So only the double can be obtained from this triple. 

• Spin(6) C Spin(7) C S0(8). 

The subgroup Spin(6) embeds in S0(8) as the ordinary SU(4) and then A^so(8)(Spin(6)) is 
a circle. It follows that any variation by an element in S0(8) gives us a double. Spin (7) is 
also invariant under the outer automorphism A of SO (8), so we only have a double from this 
triple. 

• Spin(8) C Spin(9) C F4. 

The pair (Spin(8), F4) appeared in the classification of isotropy irreducible Riemannian 
manifolds in |WZ2] . There are three different embeddings of Spin(9) in F4 which are denoted 
by Ki{i = 1, 2, 3) and every outer automorphism of Spin(8) lifts to an inner automorphism of 
F4. We use the same notations as A and a for their images in Aut(F4). Then A exchanges Ki, 
K2 and fixes K3, and a permutes Kj cyclically. Other than the diagram Spin(8) C {Ki, Ki} C 
F4 which defines the double, we have the following three group diagrams: 

(5.12) Spin(8) C {Ki, K2} C F4, Spin(8) C {K2, K3} C F4, Spin(8) C {Ki, K3} C F4. 

If we apply a to the first diagram, then we get the second one. Then we apply A to the 
second one, we obtain the last one. So the three group diagrams above are equivalent. 

Example 8. The diagram is 

Sp/n(8) C {Sp/n(9)i, Sp/n(9)2} C F4 

and the manifold is the sphere where is embedded into 50(26) by its unique 26 dimen- 
sional representation, see, for example, |GWZ] . 

• S0(3) C S0(4) C 62- 

All three groups are embedded in SO (7) which acts on the Cayley numbers O fixing the 
identity element 1 and ©2 is the automorphism group of O. 

Let {1, 1, J, K, e, le, je, ne} be the basis of O over the reals, then O can be written as ]HI©EIe. 
For every element {qi, ^2) G Sp(l) x Sp(l), it acts on a + 6e G O by {qiaqi) + {q2bqi)e. The 
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kernel of the action is {(1, 1), (— 1, — 1)}, so it induces an action by S0(4). If we choose 
(^1)92) ^ ^Sp(l), then it induces an S0(3) action on the Cayley numbers. It is clear from 
the action that S0(3) fixes the elements 1, e and its normalizer in S0(7) consists of the 
reflection about the real line and the rotation R{t) as follows: 

t tcost + tesint, j i— j cos t + je sin t, k, ncost + nesint, 
«e — 2 sin t + cos t, je i—i- —j sin t + je cost, ne ^ —Ksint + necost. 

The reflection is not an automorphism of O and a computation shows that R(t) G 02 if and 
only if t equals to 0, |7r or |7r. Therefore A'"g(H)/H = Z3 and it is generated by 6 = R{^7i). 
From the action of S0(4) on O, we know that 9 does not leave S0(4) invariant. So except 
the double, we have 

Example 9. The diagram is 

50(3) c {SO(4),Ade(SO(4))} c ©2 

and the manifold is the Grassmannian SO(7)/(SO(3) x S0(4)) and (S2 acts on it via the 
embedding (82 C S0(7) by its unique 7 dimensional representation. 

□ 

6. Primitive and non-reducible actions with s = 3 and G not a simple Lie 

GROUP 

In this section, we give a classification when G is not simple and s = 3. We assume that 
the diagram is primitive and nonreducible. The main result is 

Theorem 6.1. Suppose a compact simply- connected manifold M admits a cohomogeneity 
one action by G and the cohomogeneity one diagram is primitive and non-reducible. If G 
is not a simple Lie group, then M is equivariantly diffeomorphic to a sphere, a complex or 
quaternionic projective space, or the Grassmannian 50(5) /S0(3) x S0(2), see TablelWi and 

m 

We separate the proof of this theorem into two different cases. In one case, there exists a 
primitive factor of H which is not contained in a single primitive factor of G, i.e., it is diag- 
onally embedded in G. In the other case, we assume that such diagonally embedded factor 
does not exist. The results in the two cases are stated in Proposition 16.21 and Proposition 
16.31 respectively. 
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Suppose the Lie algebra g of G has the decomposition as g = gi © 92 with gi a simple 
factor. Accordingly the Lie algebra f) decomposes as ^) = f)o©J)i©^)2 such that the embedding 
P) C g is given by {Xq, Xi, X2) ^ {{Xq,Xi), {Xq,X2)). Since the diagram is non-reducible, 
[)o © f)i is a proper subspace of Qi for i = 1,2. Fix a bi-invariant inner product Qt on gj and 
denote the orthogonal complement of f)o © f)i by pj for i = 1,2 and they are nonzero vector 
spaces. We separate our discussion into two different cases. 

Case A. f)o is a nontrivial Lie algebra. 

Let us denote the isotropy representation of the pair (g^, f)o © f)j) by Q, then the isotropy 
representation Adn^ is 

X = (Ci © Id) © (Id ® C2) © (Id © ad|,„ ® Id), 

where ad(,Q is the isotropy representation of the pair (f)o © f)o, Afio) and Afio is the image of 
the diagonal embedding f)o C i)o®ho- From the assumption that s = 3, each Xi is irreducible, 
and then (i and (2 are irreducible and f)o is primitive. Since the diagram is non-reducible, 
Xs = Id Cg> ad(,,) Id is not equivalent to xi X2- 

Proposition 6.2. Suppose H <Z \^K^^ <Z G is a primitive and non-reducible group diagram. 
If the triple of Lie algebras {fi C t"*^ C g} lies in Case A, then the cohomogeneity one man- 
ifold is either a sphere, a complex or quaternionic projective space, or the Grassmannian 
SO(5)/(SO(2) X 50(3)). 

Proof. If Xi = Ci © Id is equivalent to X2 = Id © C2, then both [)i and f)2 are zero vector 
space. It follows that g2 = gi- There are a few examples of the triple () C ^ C g listed as 
follows: 

(1) Au(l) C su(2) © u(l) C su(2) © su(2), 

(2) Au(l) C A5u(2) c su(2) ©su(2), 

(3) Au(l) C u(l) © u(l) C su(2) © su(2), 

(4) Aso(n) C Aso(n + 1) C 5o{n + 1) © so(n + 1) with n > 3, 

(5) Asu(2) c su(2) ©su(2) c sp(2) ©sp(2), 

(6) Aso(3) C so(3) ©so(3) C su(3) ©su(3), 

(7) Aso(3) C so(3) © 50(3) C ^2 © 5^2- 

Only when [) = Au(l) and g = 5u(2)©su(2), we have primitive diagrams. The cohomogeneity 
one manifolds are 6 dimension, see example Q\ and in |Ho] . The manifolds are CP^ 
and the Grassmannian SO(5)/SO(3) x S0(2). 

Suppose the three summands are non-equivalent, then we have the following possibilities 
for the Lie algebra i of the singular isotropy subgroups: 
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A.l 


! = 


f)i 


3 flo © 02 and G2/H2 is 


a sphere; 


A.2 


! = 


01 


9 t)o© 1)2 and Gi/Hi is 


a sphere; 


A.3 


! = 


f)i 


© {)o © f)o © f)2 and [)o = 


= u(l) or su(2) 


A.4 


! = 




)pi and [pi, pi] C [)i; 




A.5 


! = 




)p2 and [p2,p2] C [i2. 





Case A.4 and A.5 are excluded by the non-reducibihty assumption. We consider Case 
A.4 first. 

Suppose the Lie algebra of one singular isotropy subgroup is given in Case A.4. Then 
we have [pi, pi] is a proper subspace of f)i © f)o which implies that the strong isotropy pair 
(fli, fli © t)o) is not a symmetric pair and it is in Wolf's classifjcation lWol] . If f)i is a zero 
vector space, then [pi, pi] = and then we have 

Qi([Xo,ri],r2) = Qi(Xo, [^1,^2]) = 0, for any Xq G [)o,n,1^2 G pi, 

i.e., ad[,Q is the trivial representation and it implies Qi = u(l) and f)o = which contradicts 
the assumption that t)o is not the zero vector space. If l)i 7^ 0, then g' = pi © l)i is a Lie 
subalgebra of Qi. Let Gi, L and G' be the connected Lie groups whose Lie algebras are gi, 
P)o©[)i and g' respectively, then G' acts transitively on the homogeneous space Gi/L with Gi a 
simple Lie group, i.e., (Gi, L, G') is in Table [5l Since the pair (gi, ()o © f)i) is strongly isotropy 
irreducible, it is (5o(4n),5p(l)©sp(n)) where n>2. It also follows that f)i©pi = so(4n — 1). 
Since gi = [)o © f)i © Pi, we have dim f)o = 4n — 1 that is not equal to dimsp(l) or dim5p(?T,) 
when n >2, i.e., f)o is not either 5p(l) or 5p{n) which gives a contradiction. 

In Case A.5, since the pair {Q2,i)o ® ^2) is strongly isotropy irreducible and the diagram 
is non-reducible, g2 is a simple Lie algebra. Using a similar argument as in Case A.4, this 
case is also excluded. 

In Case A.3, the pair (g, t) is not strongly isotropy irreducible. The isotropy representation 
Adg/{ has two irreducible summands xi = Ci © M and X2 = Id © C2 and the isotropy 
representation of the pair (t, i)) is xs = Id® ad(,Q ®Id. Since gi is simple, xi is not equivalent 
to X3- If X2 is equivalent to Xa? then g2 contains f)o factor and the diagram is reducible. 
From Remark 15. 3[ since Xi is not equivalent to X2, the manifold is a sphere via sum action. 

In Case A.l the pair (g2, f)o © ^2) is strongly isotropy irreducible, with f)o a primitive 
Lie algebra and (g2, i)2) a spherical pair. Similar properties hold for the pair (gi, [)o © f)i) 
in Case A.2. From the classification of strongly isotropy irreducible spaces, it follows that 
(g2, f)o © ^2) is either {su{n + l),u(l) ©su(n)) or (sp(n + l),sp(l) ©sp(n)) with n > 1. 

If one triple is in Case A.3, then the manifold is a sphere via sum action. We assume that 
both triples are strongly isotropy irreducible and in Case A.l or A.2. Thus f)o is either u(l) 
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or sp(l) and then the assumption that the diagram is non-reducible imphes that Qi and 02 
are simple Lie algebras. W.L.O.G., we may assume that (0i,f)i) = (su(p + l),5u(j9)) and 
then f)o = u(l). If 1)2 = 0, then ^2 = su(2) and the triple of Lie algebras is 

5u{p) © U(l) C 5u{p + 1) © U(l) C 5u{p + 1) © 5U(2). 

So the principal isotropy representation is 

X = (Id © [0]m) © ([vri]M © [0]m) © (Id © Id). 

Let t~ = su{p + 1) © u(l) and then t+ = su{p) © u(l) © 5u(2) otherwise t+ = and the 
manifold is a double. Thus we have 

Example 10. The diagram is 

SU{p) X AL'(l) c {SU{p + 1) X U{1), U{p) X 51/(2)} c SU{p + 1) x SU{2) 

and the manifold is the complex projective space CP^^^, see for example, [Uc]. 

When p = I, the diagram already appeared in [Ho] as example Q%. 

If f)2 7^ 0, then (02, u(l)©P)2) is a strongly isotropy irreducible pair and the three summands 
of the principal isotropy representation are pairwisely non-equivalent. If the manifold is not 
a double, then = su(p) ©u(l) ©52, = 5u(p+ 1) ©u(l) © {)2 and i) = su(p) © Au(l) © [)2. 
Furthermore we have that (02, ^2) is a spherical pair and then is (su(g + l),su(g)) for q >2. 
Therefore we have 

Example 11. The diagram is 

SU{p)AU{l)SU{q) C {U{p)SU{q+l),SU{p + l)U{q)} C SU{p + l)SU{q + l) 
and the manifold is the complex projective space CP^^^^^. 

Next we assume that (gi, f)i) = (sp(]9+ 1), sp(p)) and then f)o = 5p(l). A similar argument 
shows that if the manifold is not a double, then we have 

Example 12. The diagram is 

Sp{p)ASp{l)Sp{q) C {Sp{p + l)Sp(g), Sp{p)Sp{q + 1)} C Sp{p + l)Sp{q + 1) 
for p,q > 1, and the manifold is the quaternionic projective space EIP^+^+\ see [Iwlj. 

□ 

Case B. f)o is a trivial Lie algebra, i.e., each primitive factor of f) lies in some primitive 
factor of as a proper subspace and thus q has two or three factors. 
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Proposition 6.3. Suppose H C [K^j C G is a primitive and non-reducible group diagram. 
If the triples of Lie algebras {() C C q} are in CASE B, then the cohomogeneity one 
manifold is a sphere with a sum action. 

Proof. We claim that g has exactly two primitive factors. In fact, from Proposition 1.20 in 
|Hoj . there are at most two u(l) factors since the manifold is simply-connected. If there are 
exactly two u(l) factors, i.e., G = Go x with Go semisimple, then both /j- = 1, K"*^ = H ■ 
and the projections of Sl_ to generate T^. Since s = 3, it follows that Go/H is strongly 
isotropy irreducible and both are subgroup in T^. So the projections of S^|_ to the Gq 
factor are zero and there exists an intermediate subgroup H x which implies that the 
diagram is not primitive. Next we may assume that q has three factors and at most one 
of them is u(l). It follows that the three principal isotropy summands are pairwisely non- 
equivalent and then the pair (g, t) is strongly isotropy irreducible. Let = Si © 02 © 03 and 
f) = f)i © f)2 © f)35 then each (0j, is strongly isotropy irreducible or Qi = u(l) and f)j = 0. 
W.L.O.G., we may assume that t = 0i ©02 © [)3 and then from the classification of transitive 
actions on the sphere, there is no Lie group pair (K, H) with K/H a sphere such that the Lie 
algebras are given by (t, f)). 

Suppose f) = fli © f)2 and = gi © 02 where 0i, 02 are primitive Lie algebras and f)j C Qi 
for i = 1,2. W.L.O.G., we may assume that 0i = f)i © pi, 02 = fl2 © p2 © p3 and pi's are 
nonzero vector spaces. For the intermediate Lie algebra note that {t, ()) is a spherical pair 
that implies i cannot be f) ©pi ©p2 or P) ©pi ©p3, so we have the following four possibilities: 

B.l: t = 01 © P)2 and (0i, f)i) is a spherical pair; 

B.2: t = [) © p3, I = f)2 © p3 is a Lie algebra and (I, (12) is a spherical pair; 

B.3: t = [) © p2, I = [)2 © p2 is a Lie algebra and ([, i)2) is a spherical pair; 

B.4: t = f)i © 02 and (02, i)2) is a spherical pair. 

We see that only in Case B.4, (0, ^) is a strongly isotropy irreducible pair. In this case, 
since 02 is primitive, (02, f)2) = {5u{k + 1) , su{k)) with k > 2. Hence the triple of Lie algebras 
is 

111 © 5u{k) C fii © su{k + 1) C 01 © su(A; + 1), k>2 

and (01, f)i) is strongly isotropy irreducible. 

In Case B.l the pair (0,t) is not strongly isotropy irreducible. If dim pi is bigger than 
one, then the isotropy representation of {t, P)) is not equivalent to any summands in the 
isotropy representation of (0, t) which implies that the cohomogeneity one manifold is a 
sphere. So we assume that dim pi = 1, i.e., 0i = u(l) and P)i = 0. Then one of p2 and ps, 
say p2, is one dimensional otherwise the three summands are pairwisely non-equivalent. Let 
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^~ = ^ = u(l) © [)2- If the manifold has one singular orbit whose codimension is bigger than 
2, then = po © p3 © () where po is a 1- dimensional subspace in pi © p2. In particular, the 
pair {Q,t~^) is strongly isotropy irreducible and thus belongs to Case B.4. It follows that 
02 = su{k + 1) and f)2 = su{k) with k > 2. Since the normalizer of su(fc) in u(l) (B su{k + 1) 
is u(l) © 5u{k), t+ has to be su{k + 1) and then the diagram of the Lie algebras is 

5u{k) C {u(l) © su{k),su{k + 1)} C u(l) © 5u{k + 1), k > 2. 

If H is connected, then the group diagram is 

SU(A;) C {U(l) X SU(A;),SU(A; + 1)} C U(l) x SU(A; + 1), 

and if H is not connected, then for each m > 2, we have the following group diagram 

Z^-SU{k) C {U(l) X SU(A;),Z„-SU(A; + 1)} C U(l) x SU(A; + 1). 

The cohomogeneity one manifold for these diagrams is the sphere S^fc+s ^ action. 
When k = 2, see example QqIt^ |Ho] . 

In Case B.2, {g,t) is not strongly isotropy irreducible and the principal isotropy repre- 
sentation is 

X = (adgi/f,i © Id) © (Id © adg2/f,2 IpJ © (Id © adg^/,,^ 

and p3 is the representation space of xs = adt/(,. If xi X2 are not equivalent to xs; 
then the manifold is a sphere. We consider the case when X2 is equivalent to xsy and thus 
the isotropy representation of (02? ^2) has two equivalent summands. From Dickinson-Kerr's 
classification and the proof of Proposition 15. 4[ (02, f)2) is either {so{8),^2) or (so(7), u(3)). 
Let t~ = t and if ad{+ /[, is irreducible, then t"*" is either f) ©pi or f) ©po where po is a subspace 
in p2 © p3 with dimension dimp2. In the first case, adf+/[, is not equivalent to adg/[,|p2 and 
adg/{+ has two summands. So the manifold is a sphere. In the second case, the diagram is 
not primitive since both t"^ are subalgebras of [)i ©02- Therefore the isotropy representation 
of (0, t^) has two summands, i.e., it belongs to Case B.4. It follows that 0i = su(fc + 1), 
f)i = 5u{k) and (02, f)2) is strongly isotropy irreducible which contradicts the fact that it is 
one of (so(8),5f2) and (so(7), u(3)). Next we consider the case when xi is equivalent to X3, 
and thus (01, [)i) = (u(l),0) and dimp3 = 1. Let t~ = ! = f)2 © Ps- Since u(l) © is a 
Lie subalgebra of u(l) © 02 and the diagram is primitive, t'^ contains the subspace p2 which 
implies that t"*" has codimension one in and thus (0, t"*") is strongly isotropy irreducible, i.e., 
it is in Case B.4. So we have (02, (32) = {su{k + l),5u(A;)) for /c > 2 and t+ = su{k + 1) = 02. 
The diagram is not primitive since both are contained in 02. 

Similar argument shows that there is no new cohomogeneity one manifold other than a 
sphere in Case B.3. 
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Finally we consider Case B.4. From the previous discussion, we may assume that both 
triples [) C C are in this case. It is easy to see that both (^j, f)j) are spherical pair and 
the action is a sum action on a sphere. □ 



Appendix A. Compact homogeneous spaces with two isotropy summands 

W. Dickinson and M. Kerr classified compact simply-connected homogeneous spaces G/K 
in |DK] for which G is a simple Lie group and the isotropy representation has two summands. 
Their classification is not complete and also contains some mistakes. 

For the pair (G, K) = (Eg, Spin(6)Spin(4)SO(2)) listed as IV.IO in their paper, the isotropy 
representation should be 



X = ® [vr (g) Id]]K Id + [vti (g) vr (g) Id (g) + [tts (g) Id (g) vr 



and has three irreducible summands. For the pair (Eg, Spin(12)Spin(4)) listed as IV. 37, the 
isotropy representation should be 



X = TTi (g) [vr (g) Id]M + TTq (g) TT (g) Id + TTe (g) Id (g) TT 



and has three irreducible summands. 

Except for these two examples, they also missed 5 pairs for which the isotropy represen- 
tation has two summands. The complete classification is 

Theorem A.l. Suppose G/K is a compact simply- connected homogeneous space with G a 
simple Lie group. If the isotropy representation of K has exactly two summands, then 



(1) either {G, K) is listed in the paper [DKJ except the examples IV.IO and IV. 37; 
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(2) or {G, K) is one of the followings 

1.31 Sp/n(10)L/(l) < ^16) < 50(32) p = [714 ® 0]r 
di = 210, d2 = 240 x = t^^t^^ O Id © [tts O (/)]k 

1.32 SO(m) X Sp/n(7) < SO(m) x 50(8) < SO(m + 8)(m > 1) p = tti ® Id © Id ® vrg 

rfl = 7, C?2 = 8m X = Id © TTi © TTi © VTs 

11.15 SL/(6) < Sp(lO) < 5(7(20) p = tts 

rfi = 175, d2 = 189 = 7r| © 7r27r4 

III.12 Sp(m) X (/(I) < L'(2m) < Sp{2m){m > 2) p = [t^ © 

dx = (m- l)(2m + 1), ^2 = 2m(2m + 1) x = ^^2 © Id © [vr^ © (/)]r 

V.19 51/(2) X 5^2) < 50(8) p = vr © vr^ 

rf^ = 7, c/2 = 15 X = Id © TT*^ © TT^ © TT^. 



Proof. Since G and K are connected Lie groups, we consider their Lie algebras g and t, and 
thus the isotropy representation adg/t has two summands. We separate the proof into two 
parts: Q is classical or exceptional Lie algebra. In the first part, we consider the case that q 
is a classical Lie algebra, i.e., it is one of so(n), su(n) and sp(n). 

Case I. If g is so{n) and p : { — > g is the embedding, then the isotropy representation x 
of g/t is determined by A^p = ad{ © x where A^p is the exterior square of the representation 
P- 

Case La. If p = pi © p* and pi is an irreducible representation of complex type, i.e., 
pi(t) C u(m) with n = 2m, then A^p = [AVi]k © [pi © P*i] where [A^piJr = A^pi © A^pt 
and pi © pI contains the representation ad{. If i is u(m), then (g, i) is a symmetric pair and 
thus adg/t is isotropy irreducible. If 6 = su(m), then it is example 1.24. If i is not u(m) or 
5u(m), then the irreducible representation with highest weight A + A* is contained in pi © pi 
but not in ad^, see |WZ1] . where A is the highest weight of the representation pi. It follows 
that A^pi is irreducible, i.e., A^pm remains irreducible when restricted from u(m) to t. Such 



embeddings pi : t — )■ u(m) are classified by D.B. Dykin in Dy . Furthermore the isotropy 
representation adso{2m)/t for each pair has two irreducible summands. The pairs (g, 6) give 
us example 1.25 - 1.28 in |DK] and the example III. 31. 
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If p = pi © pi and pi is of quaternionic type, then A^p = A^pi © A^pi © [pi © pi] and A^pi 
is of real type and pi ©pi = S^pi © A^pi. So the isotropy representation adg/^ has more than 
two irreducible summands. 

Case Lb. Next we assume that p = pi ® p\ ® P2 where pi is irreducible of complex or 
quaternionic type and p2 is a nontrivial representation with / = dimjg p2 > 2. If pi = 0, then 
I = u(l) © to, P = [<P]r © Id © Id © P2 and p{t) C so(2) © 5o(/) C so(2 + /). It follows that 
AV = Id©[Id©AV2]©([0]R©P2) and adj = Id©adto is contained in Id©[Id©AV2]- Since 
to is proper in so{l) and adg/{ has two irreducible summands, we have that p2 is irreducible 
and the pair (so(/),to) is isotropy irreducible. They are example I.l - I.18(when m = 2) in 
|DK] and the special case of the example 1.32 when m = 2. 

If p2 is the trivial representation, then t = u(m) and g = so (2m + 1) with m > 2. It is 
example I.18(when m = 1) in |DKj . 

Case I.e. We assume that every irreducible summand in p is of real type. If p is not 
irreducible, then p = pi © P2 with dimiR pi = rii for i = 1,2. Let ^2 = ker pi and ti = ker p2. 
Then t = 1^0)^2, A^ = A © A ^2 © [pi © P2] and adj = adj^ © adt2 • Since adt^ C A and 
the equality implies that ti = so(nj), one of ti, say ^2, is equal to so(n2) and then (so(?2i), ti) 
is isotropy irreducible and pi is irreducible. These give us example I.l - 1.17, 1.19 and 1.30 
in |DK] and the example 1.32. 

If p is irreducible, then t has at most two simple factors. We use the classification of 
Kraemer in jKrj. These give us example 1.20 - 1.23, 1.29, V.l - V.5 in |DKj and the 
example V.19. This finishes the proof when G is an orthogonal group. 

Case II. If q is su(n) and p : t — )■ q is the embedding, then the isotropy representation 
X of g/t is determined by p © p* = Id © adf © x- 

Case II.a. The image is contained in 5p{m){n = 2m) or so{n). We consider the first case 
where p(€) is contained in so{n). Let X2 be the isotropy representation of a.dsu(n)/so{n), then 
it remains irreducible when restricted to the proper subgroup t. Dynkin classified the triples 
{t,5o{N), x) where x 0n such that the restriction of x to t remains irreducible. They are 
example 11.13 and 11.14 in jPK] . 

Next we assume that p({) C sp(m) C su(2m). It follows that adsu(2m)/Bp(m) remains 
irreducible when restricted to the proper subalgebra t. Such t are classified by Dynkin. 
They are example II. 9 - 11.12 in |DKj and the example 11.15. 

Case II. b. Suppose that p = pi © p2 is reducible with m = degpi and n = degp2. Let 
^2 = kerpi and ti = kerp2, and then t = © ^2, P = cti ® Id © Id © cr2 where cTj's are 
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representations of ii. It follows that 

p ® p* = (cti ® al) O Id + Id (g) ((72 ® (T2) + (^1 ® a^) + [al ® aa)- 

Both of ^1 and £2 cannot be proper subalgebras of su{m) and 5u{n) respectively. The case 
when ti = su{m) with cti = p^ and £2 = su{n) with (72 = p„ is example II. 7 in jPKj . If one 
of 61 and ^2, say ti, is a proper subalgebra of su(m), then £2 has to be u(n) with a2 = Pn 
and o"i is an irreducible complex representation. Let xi denote the isotropy representation 
of ad5u(m)/{i and then the summands of adg/{ are xi ® W and [ai ® Pn]iR- Such Fs can be 
classified using Kraemer's results and they give us example II. 1 - II. 6 and II. 8 in [DKj . 

Case II. c. Suppose that p is an irreducible complex representation and p(l) is not 
contained in some sp(m) or so(n). Then we can assume that t has at most two simple 
factors and we can use Kraemer's classification. They are example V.6 - V.8 in |DKj . This 
finishes the proof when G is a unitary group SU(n). 

Case III. If g is sp{n) with n > 3 and p : t — )■ g is the embedding, then the isotropy 
representation x of g/^ is determined by S^p = ad^ © x- 

Case III. a. Suppose the image of p{t) is contained in u{n). If i is semi-simple, i.e., 
p(l) C su(n), then since adsp(„)/gu(„) already has two summands, we have i = su(n). It is 
example III. 8 in |DK] . If t contains u(l) factors and its semi-simple part idea is denoted by 
to, then su{n)/io is isotropy irreducible and the restriction the representation nf from 5u{n) 
to to remains irreducible. From Dynkin's classification, is sp(n/2) and the embedding is 
TTi. It gives us the example III. 12. 

Case III.b. If p = pi © p2 and pi is irreducible of real or quaternionic type, then 
p{t) C sp(ni) ©sp(n2). We may assume that t = sp(ni) © to and p = z/„^ © Id © Id © cr. The 
isotropy representation of sp{n2)/to is irreducible and it is denoted by xi- Since adg/t has 
two irreducible summands, a is irreducible. They are example III.l - III. 7 in |DKj . In fact 
Kraemer missed the pair (^2 © -Sp(l),5p(7)) in his classification. 

Case III.c. If p is irreducible of real or quaternionic type, then we may assume that t 
has at most two primitive factors. We can use Kraemer's classification and they are example 
III. 9 - III. 11 and V.9 - V.15 in [DKj . This finishes the proof when G is a symplectic group. 

In the second part, we consider the case when g is an exceptional Lie algebra. There are 
two different cases. First we assume that there is an intermediate subalgebra I between t 
and g. So both pair (g, I) and (I, €) are isotropy irreducible. From the classification strong 
isotropy irreducible homogeneous spaces in [Wolj . we can determine the possible I for each 
P). Then we look at the possible t such that l/t is isotropy irreducible and adg/[ remains 
irreducible when restricted to t. Such examples of (g,£) give us example IV. 1 - VI. 48 in 
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|DK] except IV. 10 and IV. 37. Next we assume that i is maximal in q and then the isotropy 
representation of q sphts as adt and adg/f when it is restricted to t. We check the table of 
the branching rules in |MP] to see for which (0,6), adg/{ has exactly two summands. They 
are example V.16 - V.18 in |DKj and thus the classification is finished. □ 

Appendix B. Collection of tables 

In this appendix, we collect the tables which contain the classification of the case s = 3. 

B.l. Primitive actions. From the classifications in Theorem 14 . H ISTT] and 16 . 1| except for a 
few sum actions on spheres, the primitive actions without fixed points and with s = 3 are 
non-reducible and the manifolds are spheres, projective spaces and Grassmannian manifolds 
Gimi^"^^"') = SO(m + ra)/(SO(m) X SO(n))(m, n > 2). In the following, we first describe the 
actions on spheres, including the reducible ones, and then we list the actions on the other 
manifolds. 

B.1.1. Actions on spheres. The cohomogeneity one actions on spheres were classified in [St], 
see the group diagrams in |GWZ] . A large class of cohomogeneity one actions on spheres 
with s = 3 is given by the sum actions. Recall that if U/Hj = = 1, 2), then Li x L2 acts 
on the §'i+'2+i via cohomogeneity one with diagram 

Hi X H2 C {Li X H2, Hi X L2} C Li X L2, 

and s = Si + S2 where Si is the number of the irreducible summands in the isotropy repre- 
sentation of Lj/Hj. It is easy to see that any variation of the diagram is equivalent to the 
original one. If one singular orbit is codimension 2, say Li/Hi = then for every m 7^ 0, 
we have the diagram 

X H2 C {U'(l) X H2,Z„ X L2} C U(l) X L2, 

where the U'(l) factor may diagonally embedded into U(l) x L2. The action is not effective 
if m > 2 and the non-effective kernel is x 1. 

Every sum action is primitive. The action is reducible if one of the spheres is given as 
U(n + 1)/U(n), SO(4)/SO(3), Sp{n + l)U(l)/Sp(n)AU(l) or Sp{n + l)Sp(l)/Sp(n)ASp(l), 
where n > 1. Using Table [U of transitive actions on spheres, one can easily write down the 
diagram of sum actions with s < 3. 

Other than sum actions, there are a few cohomogeneity one actions on sphere which have 
s = 3. All of them are primitive actions and they are listed in Table where vr is the 
representation of G on M". Note that the actions of SU(2) x SU(2) on and Spin(7) on S^"^ 
are special cases of what are called generalized sum actions in [GWZj . 
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n 


G 


TT 


K 


K+ 


H 


6 


SU(2) X SU(2) 


TTi (g) TTi © Id (g) 


ASU(2) 


SU(2) X U(l) 


AU(1) 


7 


SU(3) 




S(U(1) X U(2)) 


S(U(2) X U(l)) 


U(l) X U(l) 


14 


Spin(7) 




Spin(6) 


62 


SU(3) 


25 


F4 




Spin(9)i 


Spin(9)2 


Spin(8) 



Table 10. Cohomogeneity one actions on with s = 3 which are not sum actions. 



B.1.2. Actions on projective spaces and Grassmannian manifolds. The cohomogeneity one 
actions on projective spaces were classified in |Uc] . [Iwl] and |Iw2] . Note that all cohomo- 
geneity one actions on CP" and HP" are obtained from an action on an odd dimensional 
sphere when U(l) and Sp(l) is a normal subgroup in G with induced action given by a 
Hopf action, see |GWZ] . Table [TT] list these actions as well as those on the Grassmannian 
manifolds for which s = 3. 





G 


K 


K+ 


H 


CP=^ 


SU(2) X SU(2) 


U(l) X U(l) 


Z2 ■ ASU(2) 


Z2- AU(1) 


CP^ 


Spin(7) 


S0(2) ■SU(3) 


Z2 ■ ©2 


Z2 • SU(3) 


CP^ 


S0(8) 


U(4) 


Spin(7) 


SU(4) 


(j-pn+1 


S0(2 + n) 


S0(2) X SO(n) 


0(n + 1) 


Z2 ■ SO(n) 




SU(p+l) X SU(g + l) 


SU(p+l)U(g) 


U(j9)SU(g + l) 


SU(p)AU(l)SU(g) 




Sp(p+l)xSp(g+l) 


Sp(p+l)Sp(g) 


Sp(p)Sp(g + l) 


Sp(p)ASp(l)Sp(g) 


Gr2(M5) 


SU(2) X SU(2) 


U(l) X U(l) 


ASU(2) 


AU(1) 


Gr3(M^) 


©2 


S0(4) 


S0(4)' 


S0(3) 


Gr2(M9) 


Spin(7) 


S0(2) ■SU(3) 


02 


SU(3) 


Grp(MP+9+i) 


SO(p + g+ 1) 


SO(p) X SO(g + 1) 


SO(p+ 1) X SO(g) 


SO(p) X SO(g) 



Table 11. Fixed-point free cohomogeneity one actions on projective spaces 
and Grassmannian manifolds with s = 3. 



B.2. Reducible, non-primitive actions. The reducible, non-primitive cohomogeneity one 
manifolds with s = 3 and whose reduced diagram has s > 4 are classified in Table [12] and 
Table [T31 see Theorem 14.11 

Table [12] is the classification where the manifold is a double, i.e., = K^, and Table [T^ 
is the one where the manifold is not a double. In both tables, the last column contains the 
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conditions for the groups. If a homogeneous space appears in this column, it means that 
the space is strongly isotropy irreducible, for examples, in R.l the space Gi/(HiH2U(l)) is 
strongly isotropy irreducible, in R.3 the space Gi/Hi is strongly isotropy irreducible and not 
the circle, and in R.7 the space Gi/Hi is an isotropy irreducible sphere. In both tables, k >2 
and m > 1 are positive integers. is a cyclic group in K~/H if it is a circle, and Zi stands 
for the trivial group with one element. In Table [T3| for the singular isotropy subgroups, we 
write K~ on the top of K^. There are further conditions for some of them. 

• In example R.9 and R.IO, the groups satisfy the Condition Tl: the homogenous 
space Gi/(Hi x Hq) has two irreducible isotropy summands, Gi is simple and Hq is 
U(l)(example R.9) or SU(2)(example R.IO). 

• In example R.ll, the U'(l) factor of K is embedded into G as { (e*^ e'^^ 1) | < < 27r} 
for some integer p. The diagram is the normal extension of example Q\ in |Ho] . 

• In example R.12, the embedding of the U'(l) factor of K into G is given as 




(5{pe) 

A 



1 I < < 27r, A e SO(n) ^ C U(l) X S0(2 + n) x U(l), 



where P{p6) is the rotation by angle p6 and p is an integer. 

Example R.22 is the normal extension of example in |Ho] . see the embeddings of 
U(l)^ and U(l)+ there. 

Example R.23 was discussed in the proof of Theorem 14.11 or see Lemma 4.3 in |Ho] . 
We consider the corresponding non-reducible diagram as G = U(l) x S0(?2 + 2). 
The reducible one can be obtained by normal extension since the subgroup S0(2) C 
SO{n + 2) normalizes all isotropy subgroups. The embeddings of are given as 



Kf=n e*"±^ ^ ^ . |0<^<27r,AG SO(n) 




such that 7^ K'^ where m± and n± are integers. Take two cyclic groups Z^^ C 
{(e*"±^/3(m±0))} and let H± = Z^^ ■ SO(n). Let H =< H_, H+ > generated by H± 
and let = ■ H, then the diagram defines a simply connected manifold if and 
only if gcd{n_,n+, d) = 1 where d is the index of H fl K~ fl inside K~ fl K^. 



Since the actions are non-primitive, the manifolds are bundles over lower dimensional 
bases. To identity the bundle structure, it is easy to work with non-reducible diagrams. 
Table [H] and [TS] list the diagrams of the reduced actions in Table [T2] and [T3i Note that in 
example R.19, R.20 and R.21 we keep the reducible diagrams. 
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G 




H 




R.l 


Gi X Ufl) X H9 


HiUfDAHoUfl) 

1 1 w I X y L — 1 1 1 ^ w \^ X y 


■ Hi AUfDAHo 


Gi /fHiHoUfm 
H2 primitive 


R.2 


Gi X SUf2) X Ho 


HiSUf2)AH9SUf2) 


Hi ASUf2)AH9 


Gi /fHiH9SUf2)) 
Ho DTiniitivp 


R.3 


Gi X SU(2) X U(l) 


HiSU(2)U(l) 


HiAU(l) 


Gi/Hi^§i 


R.4 


Gi X So(n + DSofl) 




HiSofnlASofl) 


Gi /Hi 


R.5 


Gi X G2 X U(l) 


HiH2U(l)U(l) 


Z^-HiH2AU(l) 


Gi/Hi^§i 


-L Ij. \J 


Gi X Go X S\J(2) 


Hi HoSU('2')SU('2') 


HiHoASUf2') 


Gi /Hi 

G9/fHoSUf2)) 










Gi /Hi = 


R.7 


Gi X Go X Hn 


\.n Ho/\r1n 


Hi Ho/\Hn 


Hq primitive 


R.8 


U(l) X Gi X Ho 


U(l)HiAHo 


HiAHo 


Gi/(HiHo) 
Hq simple 


R.9 


Gi X U(l) 


HiU(l)U(l) 


Z^-HiAU(l) 


Condition Tl 


R.IO 


Gi X SU(2) 


HiSU(2)SU(2) 


HiASU(2) 


Condition Tl 


R.ll 


U(l) X SU(2) X U(l) 


U'(1)AU(1) 


Zrn ■ AU(1) 




R.12 


U(l) X S0(n + 2) X U(l) 


U'(1)S0HAU(1) 


Z„ ■S0(r2)AU(l) 


n>2 


R.13 


G D K = 


D Z„ ■ H in Table M 


m = 1 if K/H 7^ §1 



Table 12. Non-primitive fixed-point free cohomogeneity one manifolds with 
reducible actions. The action has s = 3 and its reduced action has s > 4. Part 
I: the manifold is a double 



In certain cases, the diagram defines a product action, i.e., the manifold is a product 
of a cohomogeneity one manifold and a homogeneous space. In Table [16], we specify each 
manifold in Table [T2] and [T3] as a product(if the action is a product action) or a (possibly 
non-trivial) bundle. The first seven examples R.3, R.4, R.7, R.8, R.ll, R.15 and R.16 are 
products. Note that the family in example R.22 contains both trivial and non-trivial §^ 
bundle over depending on the embeddings of the circles U(l)_ and U(l) + , see [Ho] . 
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G 




H 




R.14 


Gi X \J(l) X S\J(2) 


HiU('l')ASUf2')U('l) 
Z^- HiSU(2)AU(l)SU(2) 


Z ■ Hi AUfl')ASUf2') 


Gi /fHi Ufl')SU('2')') 


J. L. -L 


Gi X SUf2') X UiV) 


HiSU(2)U(l) 


Hi AUfll 


Gi /Hi ^ 

^1/ ■'17^'^ 


R Ifi 


Gi X Snf-n -1- 1 
xSp(l) 


HiSp(n)Sp(l)Sp(l) 


1 1 ]^ ^ U I / t 1 i—l<^lj I X J 


Gi /Hi 


R 1 7 

-L X 1 


Gi X Go X IJfTl 


Z„-GiH2AU(l) 


Z ■ HiHoAlJfTl 


(- /u _ Sfc 

^ 1 / ' '1 ^ 

G2/(H2U(1)) 


R 18 


Gi X Go X SU('2') 


HiHoSUf2')SUf2') 
GiH2ASU(2) 


HiHoASU('2') 


Gi /Hi — S'' 
G2/(H2SU(2)) 


R.19 


Gi X Ufl) 


1 IlKJ \^J^J KJ\^± J 

HiSp(l)U(l) 


Hi AUfl) 


G ^ K+ ^ H 

\-J y 1 \ / 1 1 Q 

is 1-5 in Table [6] 


R.20 


Gi X Ufl) 


Z„.KiAU(l) 


Z -HiAUfl) 


G D K+ D H. 
is 6-8 in Table [6] 


R.21 


Gi X SU(2) 


HiSU(2)SU(2) 
KiASU(2) 


HiASU(2) 


G D K+ D H 

is 9-13 in Table E] 


R.22 


U(l) X SU(2) 
xU(l) 


U(l)_-H 
U(l)+-H 


H 




R.23 


U(l) X S0(n + 2) 
xU(l) 


k:-h 

K+H 


H 


n>2 



Table 13. Non-primitive fixed-point free cohomogeneity one manifolds with 
reducible actions. The action has s = 3 and its reduced action has s > 4. Part 
II: the manifold is not a double 



B.3. Non-primitive, non-reducible actions. The non-primitive, non-reducible cohomo- 
geneity one manifolds with s = 3 which are not doubles are classified in Table [T71 see 
Theorem 14.21 

In Table [17] we use the same conventions in the tables of reducible, non-primitive actions, 
i.e., k > 2 and the homogeneous space appeared in the last column is strongly isotropy 
irreducible. The further conditions for some diagrams are 

• In example N.5, the groups satisfy Condition T2: Gi/Li is strongly isotropy irre- 
ducible and the diagram Hi C {Ki,L2} C L2 has s = 2. 

• In example N.7, we have /i, /2 > 1- 
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G 




H 




R.l 


Gi 


HiU(l) 


' H 1 

'TTfc ' ' 1 


Gi/(HiH2U(l)) 
H2 primitive 


R.2 


Gi 


HiSU(2) 


Hi 


Gi/(HiH2SU(2)) 
H2 primitive 


R.3 


Gi X SU(2) 


HiSU(2) 


Hi 


Gi/Hi^§i 


R.4 


Gi X Sp(?T- + 1) 






G1/H1 


R.5 


Gi X G2 


HiH2U(l) 


Zm ■ H1H2 


Gi/Hi^§i 


R.6 


Gi X Go 


HiH9SU(2) 


H 1 H 

' ' i ' 'z 


G1/H1 

Go/(HoSU('2)) 










Gi/Hi = 


R.7 


Gi X Go 


\3^ Ho 


H 1 Ho 

± z 


Cjo / ( Ho Hn ) 

Ho primitive 


R.8 


U(l) X Gi 


U(l)Hi 


Hi 


Gi/(HiHo) 
Hq simple 


R.9 


Gi 


HiU(l) 


Zm ■ Hi 


Condition Tl 


R.IO 


Gi 


HiSU(2) 


Hi 


Condition Tl 


R.ll 


U(l) X SU(2) 


U'(l) 






R.12 


U(l) X SO(r2 + 2) 


u'(i)S0H 


Z„ ■ S0(r2) 


n>2 


R.13 


G D K = 


D ■ H in Table E 


m = 1 if K/H 7^ §1 



Table 14. The diagrams of reduced actions in Table fT2l 



• In example N.8, we have / > 1 and k >2. 

• In example N.8, N.9 and N.IO, the triple is not the last two examples in Table Hi 
Otherwise the diagram is reducible. 

• Example N.IO was already discussed in the proof of Theorem 14. 2[ Both are 
contained in the subgroup L = U(l) x U(l) ■ H'^. The construction of cohomogeneity 
one diagrams is very similar to the example R.23 and example Njj in |Hoj . 

In Table [18], we also specify the bundle structure of the examples in Table [171 The fiber 
also admits a cohomogeneity one action with diagram H C {K^} C L where L is a proper 
subgroup in G. We identify the fiber either as a known manifold or by its diagram. The first 
three examples N.5, N.6 and N.7 are products. 
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G 




H 




R.14 


Gi 


HiUfl) 
Z^-HiSU(2) 






R.15 


Gi X SU(2) 


HiUCl) 
HiSU(2) 


Hi 


Gi /Hi 4 §1 


R.16 


Gi X Sp(ri + 1) 


HiSofn + 1) 
HiSpHSp(l) 


HiSpfn) 


Gi/Hi 


R.17 


Gi X Go 


HiHoUfl) 

1 1 1 \ J 

Tjra • G1H2 


// ' r1 T H 
' ' 1 ' ' z 


Gi /Hi = §^ 
G2/(H2U(1)) 


R.18 


Gi X Go 


HiHoSUf2) 
G1H2 


i \ 1 H 


Gi /Hi = §^ 
G2/(H2SU(2)) 


R.19 


Gi X U(l) 


HiSp(l)U(l) 


HiAU(l) 


G D K+ D He 
is 1-5 in Table [6] 


R.20 


Gi X U(l) 


HiU(l)U(l) 
Z„ ■ KiAU(l) 


Zm ■ HiAU(l) 


G D K+ D He 
is 6-8 in Table [6] 


R.21 


Gi X SU(2) 


HiSU(2)SU(2) 
KiASU(2) 


HiASU(2) 


G D K+ D H 

is 9-13 in Table |6] 


R.22 


U(l) X SU(2) 


U(l)_-H 
U(l)+-H 


H 




R.23 


U(l) X S0(n + 2) 


k;-h 

K+-H 


H 


> 2 



Table 15. The diagrams of reduced actions in Table [T3l 



B.4. Classifications in low dimensions. For the convenience of the reader, we list the 
non-reducible cohomogeneity one manifolds with s < 3 in low dimensions. The 4-manifold 
CP^tl*CP^ is the connected sum of CP^ and another copy of CP^ with opposite orientation. 
The examples of dimensions 5, 6 and 7 are already in Table 8.2 and 8.4 in |Ho] . The last 
column shows the type of the corresponding diagram with connected groups. 

Example Np and Nj appear in Theorem 13.31 see Remark 13.41 Example is a special 
case of example N.4 in Table [T71 with Gi/Li = SU(2)/U(1). Example Njj- is a special case of 
example N.IO in Table [IT] with the triple (SU(3) D U(2) D SU(2)). The primitive one Ql 
appears in the proof of Theorem 15. Ill The other primitive ones Q\i Q^i Q% and Qjj appear 
in the proof of Proposition 16.21 and 16.31 
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Fiber 


Base 


R.3 




Gi/Hi 


R.4 


g4n+4 


Gi/Hi 


R.7 




G2/H2 


R.8 




Gi/Hi 


R.ll 






R.15 




Gi/Hi 


R.16 


jjpn+1 


Gi/Hi 


R.l 




Gi/(Hi ■ U(l)) 


R.2 




Gi/(Hi ■ SU(2)) 


R.5 




Gi/Hi X G2/(H2 ■ U(l)) 


R.6 




Gi/Hi X G2/(H2 ■ SU(2)) 


R.9 




Gi/(Hi • U(l)) 


R.IO 


§4 


Gi/(Hi-SU(2)) 


R.12 


§2 


S0(n + 2)/S0H 


R.13 


sphere 


G/K 


R.14 




Gi/(Hi-U(l)-SU(2)) 


R.17 




G2/(H2-U(1)) 


R.18 


gfe+4 


G2/(H2-SU(2)) 


R.19 




Gi/(Hi-SU(2)) 


R.20 


sphere 


Gi/(Ki-U(l)) 


R.21 


sphere 


Gi/(Ki-SU(2)) 


R.22 






R.23 


lens space 


SO(n + 2)/(SO(2) X SO(n)) 



Table 16. The bundle structure of the manifolds in Table [T2l and [T3l The 
first seven examples are products. 
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G 




H 




N.l 


Efi 


SU(2)U(5) 
SU(2)SU(6) 


SU(2)SU(5) 




N.2 


Spin(6 + n) 


S0(n)U(3) 
S0(n)SU(4) 


S0(n)SU(3) 


n>\ 


N.3 


Gi X Sp(r7, + 1) 


LiSp(l)Sp(l)Sp(n) 
LiSp(l)Sp(n + l) 


LiASp(l)Sp(r2) 


Gi/(LiSp(l)) 


N.4 


Gi X SU(n + 1) 


LiU(l)5(U(l)UH) 
LiU(l)SU(n + 1) 


LiAU(l)SUH 


Gi/(LiU(l)) 


N.5 


Gi X L2 


LiKi 
L1L2 


LiHi 


Condition T2 


N.6 


Spin(8) X Gi 


Spin~(7) X Li 
Spin+(7) X Li 


09 X Li 


Gi/Li 


N.7 


Gn X Li X Lo 


LnLi Ho 

L0H1L2 


Ln H 1 Ho 


Gn/U 

U/H, = 


N.8 


Li X G2 


H1K2 
L1H2 


H1H2 


G2 D K2 D H2 in Table S 
Li/Hi = §', K2/H2 = §^ 


N.9 


Li X G2 


H1K2 

L1H2 • 


H1H2 • TLm 


G2 D K2 D H2 in Table 1 
Li/Hi = §\ K2/H2 = §1 


N.IO 


U(l) X G' 


K' 

U(1)H' 


H' 


G' D K'^ D H'^ in Tables 
KIK = 



Table 17. Non-primitive cohomogeneity one manifolds with non-reducible 
actions which are not doubles. The action has no fixed points and s = 3. 
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Fiber 


Base 


N.5 


HiC{Ki,L2}cL2 


Gi/Li 


N.6 




Gi/U 


N.7 


§(1+^2 + 1 


Go/Lo 


N.l 




E6/(SU(2)-SU(6)) 


N.2 




SO(6 + n)/(SO(6) X SO(n)) 


N.3 


JJpn+1 


Gi/(Li-Sp(l)) 


N.4 




Gi/(Li-U(l)) 


N.8 


gi+fc+1 


G2/K2 


N.9 


g/c+2 


G2/K2 


N.IO 


lens space 


G'/K' 



Table 18. The bundle structure of the manifolds in Table [T71 The first three 
examples are products. 
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Diagram 


s 


Type 




Zn C {K± = U(l)} C SU(2), n even 


3 


double 




Z„ C {K^ = U(l)} C SU(2). // 0(1(1 


3 


(l()ul)le 






3 


primitive 




{±1, ±1, ±7, ±k} C {e*^ U je'^, e^^ U ze^^} C 


3 


primitive 


Q\ 

^ A 


AU(1) • Z„ c {U(l) X U(l), ASU(2) • Z„} c SU(2) x SU(2) 
where n = 1 or 2 


3 


primitive 




AU(1) c {ASU(2),SU(2) X U(l)} c SU(2) x SU(2) 


3 


primitive 




AU(1) c {SU(2) x U(l), U(l) x SU(2)} c SU(2) x SU(2) 


3 


primitive 


Nh 


{(e^P^e*^)} C {U(l) X U(1),SU(2) x U(l)} C SU(2) x SU(2) 


3 


non-primitive 




f^e'P'^ e^1e)\.Zn C {K^ = U(l) x U(l)} C SU(2) x SU(2) 


3 


double 


Q% 


AU(1) C {K± = ASU(2)} c SU(2) x SU(2) 


3 


double 




{(e^^'^e*^)} C {K^ = SU(2) x U(l)} C SU(2) x SU(2) 


3 


double 


iV| 


SU(2) -Zs C {K± = U(2)} c SU(3) 


2 


double 






O 


Ui 111111)1 V c 




Ho-Z„ C {{(3{m0),e'^)} ■ Hq, SU(3) x Z„ C SU(3) x U(1) 
Ho = SU(2)xl, Z„c{(/3(m^),e^'^)}, 

R( R\ — fW^isi p~^^ p^^ 1^ O'ccMty) ti\ — 1 


3 


primitive 




\-\rUFl(m ^"l ^'"-''U ■ H U R(m . f)) p^"-+^)\ ■ \-\ r ^WC^] -x 
Hn = SUf2) X 1 H = H ■ H_L ^ 

1 1 (J — ^ \j y\ X , II — II — II _L , 1 \ -y— 1 \ , 

^{9) = diag(e-'^ e*^ 1), gcd(n_, n+, d) = 1 
where d is the index of H fl Kq fl Kq in Kq fl Kq 


Q 
o 


Tl r^Tl — T^Tl TTll "1" T\rfi 
llVJll Lyl 11111 tl VC 


Ql 


Ho -Z^ c K± = {{/3{m9),e'^)} ■ Hq C SU(3) x U(1) 
Ho = SU(2)xl, Z„c{(^M),e'^)}, 
Pi0) = diag(e-*^ e'^ 1) 


3 


double 




U(l) X U(l) C (K^ = U(2)} C SU(3) 


3 


(l()ul)le 


N] 


Sp(l)U(l)c{K± = Sp(l)Sp(l)}cSp(2) 


2 


double 



Table 19. Cohomogeneity one manifolds with non-reducible action and s < 3 
in low dimensions. The action is not a product or a sum action and has no 
fixed points. 
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